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PEEFACE. 



The object of the following is to place before the student 
a concise and uniform method of treating Geometrical 
Conies. 

Conies are here defined as plane lociy and the general 
properties are deduced immediately from this definition, 
by the aid of a circle, which we have called the Auxiliary 
Circle of a Point, since its definition includes the circle on 
the transverse axis of an Ellipse or Hyperbola. 

The advantage of this construction will appear espe- 
cially from the very general theorem of Art. 18 ; it also 
shows very clearly the intrinsic relation which the three 
species of conies bear to one another and to the ci/rde. In 
fact, it leads to a method of plane projection which appears 
to us to be very simple and more powerful than Conical 
Projection. For want of a better name we have called it 
Focal Projection. 

An introduction has been given to Curvature, Sections 
of the Cone, Anharmonic Batio, and Orthogonal Projection ; 
and numerous examples have been appended, which, it is 
hoped, will give the student a practical acquaintance with 
the subject. 

S. HOLKBR HaSLAM. 

Rochester: May l, 1881. 
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TREATED GEOMETRICALLY, 



CHAPTER I. 



GENERAL PROPERTIES OF C0NIC8. 



Definitions. 

1. The curve traced out by a point [P], which moves in 
one plane in such a manner that its distance from a fixed point 
[S] always bears the same ratio to its perpendicular distance 
from a fixed straight line [MM'], is called a * Conic.' 

2. The fixed point [S] i& called a ' Focus/ and the fixed 
line [MM'] is called a * Directrix.' 

3. The fixed ratio is called the ' Eccentricity ' of the conic. 

Fig. I. 




4. The straight line SX through the focus, and perpendi- 
cular to the dii*ectrix, is called the ' Axis ' of the conic. 



CONIC SECTIONS TREATED GEOMETRICALLY. 



6. If SX be divided at A, so that SA is to AX in the fixed 
ratio, then A is a point on the curve, and this point A in which 
the curve cuts the axis is called a * Vertex.* 

6. A straight line PP' joining any two points P afid P' on 
a curve is called a * Chord/ 

7. If PP' be a chord of a curve, then, in the limiting posi- 
tion which it assumes when the point P' is indefinitely near to 
P, it is called a * Tangent ' to the curve at the point P. 

8. A line PG drawn through a point P on a cui've perpen- 
dicular to the tangent at that point is called a * Normal ' to 
the curve at that point. 

9. Any line TPP' drawn through a point T, and cutting a 
curve in P and P', is called the ' Secant TPP^' and TP, TF 
are called the * Segments of the chord through T.* 

10. If a pair of tangents be drawn to a curve, the chord, 
joining their points of contact with the curve, is called the 
* Chord of Contact.' 

11. If T be any point whatever, and Tx the perpendicular 
upon the directrix of a conic, and a point a be taken on To; 
such that the ratio of Ta to Ta; represents the eccentricity, 
then the circle described with centre T and radius Ta will be 
called the * Auxiliary Circle of the point T.' 

Fig. 2. 




Since the vertex A is a point on the curve, and AX the 
perpendicular upon the directrix, the ratio of SA to AX inust 
also represent the eccentricity. 
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There are three species of comes whose forms and properties 
will be separately considered. 

1. When the eccentricity is equal to unity, the form is called 

a * Pairabola.' 

In this case S A = AX, and Ta = Ta; ; therefore the 
Auxiliary Circle of any point touches the dii-ectrix. 

2. When the eccentricity is less than unity, the form is 
called an ' Ellipse/ 

In this case SA is less than AX, and Ta less than 
Tx ; therefore the Auxiliary Circle of any point never 
meets the directrix. 

3. When the eccentiicity is greater than unity, the form is 

called an * Hyperbola/ 

In this case SA is greater than AX, and Ta greater 
than Tx ; therefore the Auxiliary Circle of every point 
cuts the directi'ix. 

Before tracing the forms of these cm*ves, we shall consider 
a few properties which are common to all conies. 



FHOF. \,— PROBLEM, 

Art. 1. The focus mid directrix of a conic being given, to 
find the points in which any straight line parallel to the axis 
cuts the curve, 

Jj&t the straight line cut the directrix in the point M, and 

Fig. 3. 




let Tbe any other point on that straight line. Describe the 
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auxiliary circle of the point T. Join SM, and let it cut the 
circle in the point E ; join TE, and draw SP parallel to TE to 
meet TM in the point P : then shall P be a point in which the 
line meets the curve. 

From similar triangles, SPM and ETM, we get that 

SP:PM::ET:TM 

But the ratio of the radius ET to the perpendicular TM is 
equal to the eccentricity ; therefore P is a point on the conic. 

Q.E.F. 

2. In the same way if the straight line SE meet the circle 
in a second point E', and. SP' be drawn parallel to TE', we can 
find the other point P' in which TM cuts the conic. 

3. If the line SM does not cut the circle, then the line TM 
does not cut the conic. 

Examples. 

1 . Show that a parabola only cuts the axis in one point. 

2. Show that a straight line parallel to the axis of a para- 
bola only cuts the curve in one point. 

3. Show that the auxiliary circle of a vertex passes through 
a focus. 

4. Show that two points on a conic which are equidistant 
from the directrix are also equidistant from the axis. 

5. Show that an ellipse cuts the axis in two points on the 
same side of the directrix. 

6. Show that an hyperbola cuts the axis in two points on 
opposite sides of the directiix. 

7. Show that a straight line parallel to the axis of an 
ellipse cuts the curve in two points on the same side of the 
directrix. 

8. Show that a straight line parallel to the axis of an 
hyperbola cuts the curve in two points on opposite sides of the 
directrix. 

9. Show that the centres of all circles which pass through a 
fixed point and touch a fixed line lie on a parabola. 

10. In figure Prop. I. show that the line TMP will always 
cut the curve in the case of a parabola or h3rperbola, however 
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fur the point M ie taken, from the azie ; hut that it will not do 
80 in the case of the ellipse. 

11. By drawing, in figure Prop. I., the auxiliaty circles of 
the point T corresponding to an ellipse, parabola, aad hyper- 
bola, show that the point in which the line TM cuts the parabola 
lies between the points of section with tbe ellipse and hyper- 

12. By means of the last example show that the distance of 
a point inside a parabola from tbe focus is less than its distance 
from the directrix, and greater for a point outside the 
parabola. 

4. The student who has worked out tbe above examples 
will already have a tolerably good idea of tbe forma of the Utree 
species of conies and their relation to one another; but each 
will be discussed separately in the following chapters. 

FSOr. 2.— PROBLEM. 

6. Wiefooua (irid directrix of a conic being given, to find the 
points in which any straight line perpendicular to the axis cuts 
the curve. 

Let the straight line cut the axis in tbe point N. Describe 
the auxiliaiy circle of tbe point N. Through S draw a line 






parallel to the directrix, cutting this circle in E and E'. Join 

HE and NE', and draw SP and SP' parallel to NE and ME', 
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cnilUm ilm ((ivcTi lino in V and P' : then P and P' shall be the 
poirit'H rcqiiirfHl. 

For HP in ocjual to KN, and NX is equal to PM, the pei^ 
p<tridi(Milar from V upon the directrix. Hence 

HP : PM::EN : NX 
and Himilarly HP' : P'M'irE'N : NX 
and Mm ra<ioM KN : NX and E'N : NX = the eccentricity. 

'PJM'ri^forn V and V are the ]>oints in which the given line 
(Mif/H tlio curvn. Q.E.F. 

rftyi'. W(i notice in thiw case that PN = SE, and P'N = 

HK'. 

Examples. 

1. Tf a Htniight line perpendicular to the axis meet a conic 
in the pointH V and P', then the line PP' is bisected by the 
MX in. 

2. If a straight line through the focus of a parabola perpen- 
dicular to the axis cut the curve in E and E', then 

EE'= 4 AS. 

3. The tangent at the vertex of a conic is perpendicular to 
the axis. 

4. Show that in the case of the parabola or hyperbola the 
focus S will always lie within the auxiliary circle of a point N 
on the axis which lies to the right of the vertex A, however 
far the point N may be from the directrix. 

5. Show that the centres of all circles which touch a given 
circle and also a given straight line lie on a parabola. 

6. If a series of arcs of circles be described passing through 
two fixed points, and each arc be trisected, all the points of tii- 
section lie on two hyperbolas. 

6. J^ef, — A line PN, drawn from any point on a conic per- 
pendicular to the axis and terminated by it, is called an * Ordi- 
nate ' to the axis. 

The double ordinate of a conic which passes through the 
focus is called the * Latus Rectum.' 
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PROP. Z.— PROBLEM. 

7. The focus cmd directrix of a conic being given, to find the 
points in which it is intersected by any straight line. 

Let the given line meet the directrix in the point Z ; let T 
be any other point on that straight Une. Describe the auxiliary 
circle of the point T. Let Tx be the perpendicular upon the 
directrix. Join SZ, and let it cut the circle in the points E and 
E' ; join TE and TE', and draw SP and SP' parallel to TE and 
TE' te meet TZ in the points P and P' : then shall P and P' 
be the required points. 

Fig. 6. 




Then because the triangles SPZ, ZPM, are similar to the 
triangles ETZ, aiTZ, each to each, 

SP :PZ::ET : TZ 
and PZ : PM::TZ : Ta; 
/. SP : PM::ET : Ta; 

Hence P lies on the curve, and in the same way P' lies on 
the curve. Q.E.F. 

8. Hence we see that any straight line cuts a conic in two 
points ; they are therefore called curves of the second degree. 

9. We also notice that corresponding to any secant SEE' to 
the auxiliary circle of a point T we have a secant TPP' to the 
conic. The points E and E' may be said to correspond to the 
points P and P'. 
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10. C(n'. 1.— If ZS be produced to Z', the angles PSZ and 
P'SZ' are respectively equal, to the angles TEE' and TE'E. 
But the angles TEE' and TE'E are equal, hence the angles 
PSZ and P'SZ' are equal ; or, in other words, PS and P'S are 
equally inclined to SZ. 

IL Cor. 2. — If the point Z be moved along the directrix 
until E and E' coincide and SEE' becomes a tangent to the 
circle, the points P and P' will also coincide, and TPP' will 
become a tangent to tiie conic. The angles TEZ and PSZ will 
become right angles. 

12. The last two theorems being very important, we shall' 
illustrate them by a few examples, which the student is recom- 
mended to work out before proceeding faither. 



Examples. 

1. If PSQ be a chord of a conie passing through the focus, 
the tangents at P and Q intersect on the directrix, because 
they both [Cor. 2] intersect the directrix in the point where 'the 
line through S perpendicular to PQ meets the directrix. 

2. If PSQ, P'SQ' be two focal chords, then PP' and QQ' 
intersect on the directrix ; and also PQ' and P'Q intersect on 
the directrix; because they meet the directrix m the same 
points [Cor. 1] as the bisectors of the angles PSQ' and Q'SQ. 

13. In the course of the proof of [Cor. 2] we have shown 
that, corresponding to a tangent from S to the auxiliary circle 
of a point T, there is a tangent from T to the conic which inter- 
sects the directrix in the same point Z. 

14, Hence to draw a pair of tangents to a conic from a 
point T we have only to draw a pair of tangents SE, SE' to 
the auxiliary circle meeting the directrix in the points Z and Z'. 
Then TZ and TZ' will be the tangents to the conic. 
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PROP. L— THEOREM, 

15« Jf the tangents to a conic from a point T touch Hie 
curve in P cmd P', then ahaR SP and SP' he equally inclined 
to ST. 

Let SE, SE' be the tangents to the auxiliary circle of the 
point T corresponding to the tangents TP and TP' and meeting 

Fig. 6. 




the directrix in the points Z and Z'y then the angles EST and 
E'ST are equal. But the angles ZSP and Z'SP' are eaxjh right 
angles [1 1]. Therefore the whole angle TSP is equal to the whole 
angle TSP'. Q.E.D. 

1. If a line be drawn through S parallel to the directrix to 
meet the tangents TP and TP' in the points D and D', prove 
that 

SD :SZ::SD':SZ' 

[N.B. ST bisects ZSZ']. 

2. If PM be drawn perpendicular to the directrix, prove 
that the triangle SDZ in the last example is similar to the tri- 
angle SPM. 
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PROP. ^.--THEOREM. 

16. Jf the normal to a conic at a point P meet the axis in 
the point G, th^n 

SG : SP::SA: AX 

Let the tangent at P meet the axis in T, and let SE be the 
corresponding tangent to the auxiliary circle of T; join ET 
and EX. 

Fig. 7. 




Because the angles TEZ and TXZ are right angles, a circle 
will go round the quadrilateral TXZE. 

/. the angle ZXE is equal to the angle ZTE. 

Hence the angle ZXE is equal to the angle ZPS. 

.•. also the complement EXT is equal to the complement SPG. 

Again, the angle ETX is equal to the angle PSG. 

Hence ETX and GSP are similar triangles. 

.-. SG: SP::ET:TX 

::SA:AX Q.E.D. 



Examples. 

1. Draw the auxiliary circle for the case in which the 
tangent passes through the point X. 
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2. If from any point T in the tangent TP to a conic TN be 
drawn perpendicular to the focal radius SP, and TX perpendi- 
cular to the directrix, prove that 

SN : TX :: SA : AX (Adams' Projh) 

3. If the normal at the point P of a parabola meet the axis 
in the point G, then SG is equal to SP. In the ellipse SG is 
less than SP, and in the hyperbola SG is greater than SP. 

4. If PG be the normal to a parabola at a point P meeting 
the axis in the point G, the perpendicular from S upon PG 
bisects that line. 

5. If the normal at a point P of a parabola meet the axis 
in the point G, and PM be the perpendicular to the directrix, 
then GPMS is a parallelogram, GM bisects SP, and SP 
bisects GM. 

6. If SLibe the ordinate of a parabola which passes through 
the focus, the tangent and normal at the point L are equally 
inclined to the axis. 

7. If the tangent and normal at a point P of a parabola 
meet the axis in the points T and G, then 

SG=SP=ST 

8. If the tangent and normal at a point P of a parabola 
meet the axis in the points T and G, and PM be the perpendi- 
cular to the directrix, then SPMT is a rhombus and is equal 
to the par9 Hologram GPMS; also SM and TP bisect one 
another at right angles. 

Definitions. 

17. If the tangent and normal at a point P of a conic meet 
the axis in the points T and G, and PN be the ordinate to the 
axis, then TN is called the ' Subtangent ' and NG the * Sub- 
normal.' 

N.B. — The following theorems may be postponed until the 
student has read the parabola. 
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PROP. 6. 

18. If TPP', TQQ' he two secants of a conic, then the ratio 
TP . TP' : TQ . TQ' is constant so long as the inclinations of the 
secants to the axis remain v/naltered. 

For in the figure of [Prop. 3] let FPT cut the circle in L 
and L' ; then 

TP : SE ::TZ : ZE 
andTF : SE'::TZ : ZE' 
.-. TP . TF : SE . SE' :: TZ^ : ZE . ZE' 

and ZE . ZE'=ZL . ZL'=TZ2 -TL^* [Euc. ii. 5 Cor.] 

Now the ratio of TL to Tx is constant for all positions of T, 
and the ratio of TZ to Ta; is constant so long as the angle ZTx 
remains unaltered. 

Hence the ratio of TL to TZ remains unaltered. 

.-. TL2 : TZ2 =constant 

.-. TZ2 : TZ2-TL2=constant 

Hence TP . TF : SE . SE'=constant for all positions of T. 

In the same way if SFF' be the secant of the auxiliary 
circle, corresponding to TQQ', 

TQ . TQ' ; SF . SF'=constant 
Hence TP . TP' : TQ . TQ'=constant for aU positions of T. 

Q.E.D. 

19. This is the most general, and consequently the most 
important, theorem in the whole theory of conies, and nearly all 
the other propositions in conies will be particular cases of this, 
or may be easily deduced from it. The student will find that 
it holds good in every conceivable position of the point T, and 
for all directions of the lines TPP' and TQQ'. In order to 
familiarise the reader with the meaning of the theorem we shall 
point out several particular cases by way of illustration. 

20. Suppose the points P and P', and also Q and Q', are 
taken indefinitely near to each other, so that TP and TQ become 
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a pair of tangents to the conic. Let tpp', tqq' be a pair of secants 
parallel to them, 

Fig. 8. 




Then the theorem proves that 

Tp2 . ^q^::tp.tp' : tq,tq' 

21. Again, if it be possible to draw another pair of tangents 
OR, OR' respectively parallel to TP and TQ, the theorem also 
proves that 

TP2 :TQ2::OR2 : OR'2 
orTP : TQ ::0R : OR' 

22. Cor, — It is clear from [Prop. 4] that if T be a point on 
the axis TP is equal to TQ ; hence 

tp , tp'^=itq . tq' 
and a circle would circumscribe the quadrilateral pp'q'q. 

Examples. 

1. If tpp', tqq' be equally inclined to the axis of a conic, 
then a circle will circumscribe the quadrilateral pp'q'q^ and p'q 
and pq' are also equally inclined to the axis. 

2. If through the points P and Q lines be drawn parallel to 
TQ and TP meeting the conic in P' and Q', then the line P'Q' 
is parallel to the line PQ. 



u 



CONIC SECTIONS TREATED GEOMETRICALLY. 



PROP, 1.— THEOREM, 

23. If CL tangent he drawn parallel to a chord of a conic, 
the portion of this tangent which is intercepted hy the tangents 
at the ends of the chord is bisected at its point of contact. 

Let PP' be the chord, TP, TP' the tangents at its ends, and 
EQE' the tangent parallel to PP' touching the curve in the 
point Q. Through E draw a secant ERR' parallel to the 
tangent TF. 

Fig. 9. 




Again 



Then ER . ER' : EP^ : : TF^ : TP^ [Art. 20.] 

::E'F2 : EP2 
/. ER.ER'=E'F2 

EQ2:ER.ER'::E'Q2 : E'F^ 

Hence EQ=E'Q Q.E.D. 

Ex, If a line be drawn through E' meeting the curve in r 
and r', and intersecting ERR' in the point 0, prove that 

ER . ER' : OR . OR' :: EV . E'r' : Or . Or' 



PROP. ^.—THEOREM, 

24. Tlie middle points of a series of parallel chords in a 
conic all lie in one straight line which passes through the inter- 
section of the tangents at the extremities of any one of the 
chords. 
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Let PP' be one of the chords TP, and TF the tangents at 
its ends, EQE' the tangent parallel to it. 




Then, since EQ=E'Q, if TQ be produced to meet PP' in the 
point V, PV=P'V, and if any other chord p'p' parallel to PP' 
meet TP, TV, and TP' in the points r, v, and r' respectively, 
rv is also equal to Wv. 

Again rP^ : EP^ : : rT'2 ; ET'2 

Hence T'p . rp' : EQ2 : : r'p' . r'p : E'Q^ 

rp . rp'=r'p' . 7*'p 

or rv^—pv^=r'v^ — jpV 
/, pv=p'v 

In the same way the middle point of any other chord 
pai-allel to PP' lies on the straight line QY. Q.E.D. 



PJROP. ^.-^THEOREM. 



25. If Qc he the foot of the normal at a point V of a conic, 
amd GL he drawn perpendifiuUir to the focal radius SP, then 
PL is equal to the semirlatus-rectv/m,. 

Let PN be the ordinate at the point P and SR the semi- 
latua-rectum. 
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Then, since the angles PLGr and PNG are right angles, a 
circle will pass round PLNG. 



Fig. 11. 




Again 



But 



for 
and 



.-. SP.SL=SG.SN 

•. SL:SN::SG:SP 
::SA : AX 

SP:NX::SA : AX 

PL:SX::SA : AX 

PL=SP -SL 

SX=NX-SX 

SR:SX::SA: AX 
/. PL=SR 



Q.E.D. 



PROP. IQ.^THEOREM, 

26. If QSQ' he any focal chord of a conic and RSR' ilie 
latiis rectum, then 

2SQ . SQ'=ItS . QQ' 

or, in other words, the semi-latus rectum is a harmonic mean 
between the segments of any focal chord. 
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Let the normals at Q and Q' meet the axis in the points Gl- 
and G' ; draw GL and G'L' perpendicular to QQ'. 




Then QL and Q'L' are each equal to SB 

Now SL:SU::SG: SG' 

::SQ: SQ' [Prop. 5.] 

/. SQ-SR : SR-SQ'::SQ : SQ' 

or SB is a harmonic mean hetween SQ and SQ' 
and (SQ - SB)SQ'= SQ(SB - SQ') 
/. 2SQ.SQ'=SB(SQ + SQ0 

=SB . QQ' Q.E.D. 

27. Oor, — If any two secants be drawn through a point, 
the ratio of the rectangles contained by their segments is equal 
to the ratio of the rectangles contained by the segments of the 
focal chords parallel to them [Prop. 6], and therefore equal to 
the ratio of Uie lengths of those chords. 
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CHAPTER II. 



THE PARABOLA, 



Def, — The curve traced out by a point which moves in such 
a manner that its distance from a given point is always equal 
to its distance from a given straight line is called a ' Parabola/ 

Tracing the Curve. 

28. Draw the auxiliary circle of any point T on the oppo- 
site side of the directrix to the focus. Let SE and TP be 
corresponding tangents to this circle and the parabola respec- 
tively. 

Fig. 13. 




Suppose the centre T to move upwards from the axis, keep- 
ing the same distance from the directrix, and suppose the 
tangents SE and TP to alter accordingly. Then the point E 
approaches the point x, and the angles ETZ and ZTo? conti- 
nually diminish ; hence the angles SPZ and ZPM also gradually 
diminish ; therefore the sides SP, PZ, and PM gradually increase. 
We therefore come to this conclusion with regard to the para- 
bola: Starting from the point A, it gradually recedes both 



THE PARABOLA. 
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from the focus and directrix; and, since the inclination of the 
tangent TP to the axis gradually diminishes, the curve is con- 
cave to the axis. Again, since the point E will never coincide 
with the point x, the tangent TZ can never become parallel to 
the axis. It is easy to see that the auxiliary circle of any 
other point on the tangent TP touches the line SE ; and hence 
we have traced the whole curve, 

Fig. 14. 




which is of the form in the figui'e. It lies wholly on one side 
of the directrix. It has one branch which extends to an 
infinite distance. It is the same above the axis as it is below. 

20. Mechanical Constirnction of the Curve, 

Let MK represent a T square capable of sliding along a 
rigid directrix MX. A string KPS whose length is equal to 
MK is fastened at K and S, and passes through a ring P which 
can slide along the T square. As the T square moves upwards 
it is clear that SP always equals PM, and a pencil at the ring 
P traces out a parabola. 

FBOF. \.— THEOREM. 

30. The tangent at any pomt P bisects the angle between 
the focal distance SP and the perpendicular PM wpou ifvA 
directrix, 

c2 
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F{>r, using the figure and constmction of Art. 28, 

SPZ=ETZ 

MPZ=»TZ 

but ETZ=3:TZ 

.-. SPZ=MPZ 

31. Cor. 1. — Hence it Is clear that the tangent at the 
vertex is at right angles to the axis, for it makes equal luigleFi 
with SA and AX. 

Car. 2.— Since EZT=a!ZT 

A PZ also bisecto the angle SZM 

PROP. 2.~TSE0SEM. 

32. If PW be am. ordinate to the axU oj a paraboU, 

PH*=4A8 . Alf 

Draw the auxiliary circle of the point N touching the 
directrix in the pcnnt X, and cutting the axis in the pdnt X' 

and the latus rectum in E and E'. 
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Then as in [Art. 5] PN=SE 

SX'=SN+NX 

=SN + (SNH-SX) 

=2SN-t-2AS 

=2AN 

Hence PN«=SE2=SX . SX'=:2AS . 2AN 

/. PN2=4AS.AN Q.E.D. 



PROP. Z.— THEOREM. 

33. If TP, TP' he a pair of tangents to a parabola, and 
Taj, PM, and P'M' he the perpendiculars on the directrix, then 
Mjx=M.'x 

In the figure of Art 28 we have 

Zaj=ZE 
and ZM=ZS 

Therefore Ma;=SE 

In the same way if SE' be the tangent to the auxiliary 
circle which corresponds to TP' 

M'a:=SE' 
Hence Mx=Wx Q.E.D. 



PROP. L— THEOREM. 



34. If the tangent and normal at any point P meet the 
axis in T am? G, a/nd PN be the ordinate, 

AT=AN, SP=ST, and NG=2AS 
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Let the tangent at P meet the tangent at the vertex in Y, 
and draw PM and Yx perpendicular to the directrix. 



Fig. 16. 




Then by the last article Ma; is equal to Xx. 



Therefore 

Hence 

Again 

Also 
Therefore 

Or 



PY is equal to TY 

AN is equal to AT 

STY=TPM=SPY 

/. SP=ST 

Pisr2-=TN . NG 

4AS . AN=TN . NG 
=2AN . NG 

NG=2AS 



Q.E.D. 



FMOF. ^.-^THEOREM. 

35« If the tangent at the vertex meet the ta/ngent at P in Y, 
then S Y is perpendicular to the tamgent and 

SY«=AS . SP 

Draw Yx and PM perpendicular to the directrix ; then, since 

Ma;=Xa; [Prop. 3] 

/. PY=TY 
Again SP=ST [Prop. 4] 
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and the side SY is common to the two triangles 

/. SYT=SYP 

/. SY is perpendicular to TP 

Next, since TYS is a right angle, 

.-. SY«^SA.ST 

=SA . SP Q.E.D. 

Btj. — ^A straight line drawn through any point on a para- 
bola parallel to the axis is called a diameter. 

FROF. (o.— THEOREM. 

36. -4 dw/meUr bisects all chords parallel to the ta/rvgent at 
Us eoctremity. 

Let QQ' be any chord, and let the tangents at Q and Q' 
intersect in T, Draw Tx, QM, Q'M' perpendicular to the 
directrix. 

Fio. 17. 
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Then Ma;=M'aj [33]. Therefore if Ta; be produced it will 
bisect QQ'. Let it meet QQ' in V and thie curve in P. Let the 
tangent at P meet TQ, TQ' in R, R', and let RK be the per- 
pendicular upon the directrix. Then MK is equal to Kaj ; 
hence also TR is equal to RQ. In the same way TR' ^& ^o^^ 
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to B'Q'. Hence RR' is par&llel to QQ'. Therefore the diamet^ 
Fx bisecte all chordB parallel to the tangent at P, and the 
taJigente at the extremity of anj chord interaect on the diameter 
which bisects that chord. Q.E.D. 

37. Cor.— Since TR is equal to RQ and QV=QT 
.-. TP=PV 
and KP=R'P 

Dtf. — The straight line QV drawn through any point Q on 
a parabola parallel to the tangent at P and meeting the dia- 
meter through P in the point Y iB called an ' Ordinate ' to tiiat 
diameter. 

The double ordinate of a diameter whidi passes through tlie 
focus ie called ite ' Parameter.' 



FROF. 1.— THEOREM. 

38. The tangents at the extremities of a focal chord vnUrseot 
at right angles in the directrix. 

Let QQ' be the focal chord. The tangents at its extremities 
intersect the directrix on the perpendicular SZ to the chord by 
Alt. 12, Ex. 1. Let QM, Q'M' be the perpendiculars upon the 
directrix. 

FiQ. 18. 
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Then QZ and Q'Z bisect the angles SZM and BZW. 
[Art. 31.] 

Hence QZQ' is a right angle. Q.E.D. 

FEOF. S.^THHOBUM. 

39« 5%e parameter of a dia/meter YV is equal to 4SP. 

Let QQ' be the parameter ; let the tangents at its extremities 
intersect the directrix in Z : then ZP is the diameter which 
bisects QQ'. Let it meet it in V ; then 

SQ=QM and SQ'=Q'M' 

/. QQ'=QM+Q'M' 
=2VZ 
=4PZ 
=:4SP Q.E.D, 

PROP. ^.-^THEOREM. 

40. If QP, QP' he a pair of ta/ngents to a pa^rahola, the 
external a/ngle between them is equal to half that between SP 
and SF. 

Let the tangents meet the axis in T and T', and join PS, 
QS, FS. 

Fig. 19. 




Then, as in Art. 36, the angle SPT is equal to STP. 
/. the exterior angle PSN is double of the »3c^<b ^T^ 
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Similarly the angle P'SN is double of the angle STT', 
Hence the difference PSF is double of the difference TQT'. 

Q.E.D. 

PROP. \0,— THEOREM. 

41, If QP, QP' he a pair of tangents to a pa/raholay the trir 
amgles SQP and SQP' are similar, and 

SP . SF=SQ2 

For the angle PSP' is double of TQT' and QS bisects it. 
[Art. 15.] 

Hence each of the angles PSQ and P'SQ is equal to TQT'. 

If each of these equal angles be taken from the angle SQT 
the remainders must be equal. 

Therefore the angle SQP' is equal to the angle SPQ. 

Therefore the triangles SPQ and SQP' are similar. 

Hence also SP : SQ : : SQ : SF 

or SP . SP'=SQ2 Q.E.D. 

PROP. U,— THEOREM. 

42. The circle drcumscrihvng the triangle formed by a/ay 
three tamjgervts to a parabola passes through the focus. 

Let TRR' be the triangle ; P, Q, P' the points of contact of 
the tangents. Join all these points to the focus. 

Fig. 20. 
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Then since the lines BS and K'S bisect the angles PSQ and 

QSP', 

Therefore the angle PSP' is double of the angle RSR'. 

But the angle PSP' is also double of the external angle 
between TP and TP'. [Art. 40.] 

Therefore this external angle is equal to the angle KSB^ 

Hence the angles KSB' and BTR' are together equal to two 
right angles. 

Therefore a chicle will go round the quadrilateral TRSR'. 

Q.E.D. 

FBOP U.—THEOREM. 

43. If QVQ' hejz double ordinate to a dia/meter PY, then 

QV2=4SP.PV 

Let the tangents at Q and Q' meet the diameter in the 
point T [Art. 36] ; join PS, RS, QS. 

Then because the tangent at P bisects the angle between 
SP and Pa; [Art. 30], 

Therefore the angle SPR is equal to the angle RPT. 

Again, the angle QSP is double of the angle TRP. [Art. 40.] 

And RS bisects it. [Art. 15.] 

Therefore the angle RSP is equal to the angle TRP. 

Hence the triangles SPR and TPR are similar. 

Therefore SP : PR : : PR : PT 

Or RP2=SP . PT 

Now Q V is double of RP 

And TP is equal to PV 

Hence QV2=4SP . PV Q.E.D. 

44. N.B. — Since 4SP is the parameter of the diameter PV, 
the above is expressed by saying that QV is a mean propor- 
tional between PV and the parameter of PV. 

The following articles (45 and 46) have been proved gene- 
rally for all conies in Art. 26, but for the particular case of the 
parabola the proof adjoined will be found very easy. 
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FROF. \Z.—TEEOEEM. 

45, If OQQ', ORR' he amy two secants of a pa/rahola^ then 
the ratio of the rectangles OQ . OQ' amd OR . OR' is the same 
for all parallel chords. 

Let the diameter through meet the curve in D, and let 
PV be the diameter which bisects QQ'. Draw the ordinate DW 
to the diameter PV. 

Fio. 21. 




Q'^'--. 



Then OQ . OQ'=QV2-OV2= QV^-DW^ 

And QV2=4SP . PY and DW«=4SP . PW 

Hence OQ . 0Q'=4SP . VW 

=4SP . DO 

Similarly OR . 0R'=4SF . DO 

Therefore OQ . OQ ' : OR . OR : : 4SP : 4SF 

Now 4SP and 4SP' are the lengths of the focal chords 
parallel to QQ' and RR', or the parameters of the diameters 
which bisect them. Hence the ratio of these rectangles only 
depends on the directions of the secants. Q.E.D. 

46. Cor.— If QSQ' be a focal chord 

SQ . SQ'=4RS . AS 
=QQ' . AS 



CHAPTER m. 

THE ELLIPSE. 

Definition. 

The cnrve traced ont by a point whicli movea in such a 

Qumner that its distance &om a giTcn point is in a constant 

ratio, lew thm unity, to its distance from a given straight line 

is called an Ellipse. 

TaAClNG THE CORVE. 

47. In SX take a point A such that the ratio SA : AX 
=:the given ratio ; then A is evidently a point in the curve. 




Drav tiie anxiliaiy circle at anj point T on the side of the 
directrix remote from the focus. Let SE, TP be correepondiug 
tang^ttB to the circle sjid ellispe respectively. Since the eccen- 
tridty is lees thsji unity Ta is leea than 1x ; .', the auxiliary 
drcle doea not cat the directrix; .•, Z always lies between 
E and S. Therefore T and P will clearly lie on opposite ddes 
of the directrix. If Tbe taken on the eKmen&«^'Cua$a£i«i- 
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trix as the focus, it will be equally clear on drawing the figure 
that T and P lie on the same side of the directrix. Hence the 
curve lies wholly on one side of the directrix. 

By taking successive positions of T and drawing the 
tangents we arrive at the following conclusions : — 

1. Starting from A, the curve is concave to the axis. 

2. It recedes from the axis until we arrive at a point B 

where the tangent becomes parallel to the axis, after 
which it again approaches the axis and cuts it at the 
point A',- where 

SA' : A'X::SA : AX 

3. The axis divides the curve into two equal and similar 

parts. 

Definitions. 

1. The line AA' is called the 'Transverse Axis' of the 
ellipse. 

2. The middle point of the axis is called the ' Centre.' 

3. The double ordinate through the centre is called the 
* Conjugate Axis/ 

PROP. \.— THEOREM. 

48. If FN he cm ordinaie to the aacisy EB' the conjugitte 
axis, and C the centre, then 

PN« : AN.NA'::BC«: AC« 

Draw the auxiliary circle of N, cutting the axis in a, a' and 
the latus rectum in E. 

Fig. 23. 
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Then as in Art. 5 PN=SE 

Now Na : NX :: SA : AX [Def. 11] 

A Xa:NX::SX : AX 
.-. Xa-SX : NX-AX:: SX : AX 

/. Sa: AN::SX: AX 
Similarly Sa' : A'N : : SX : A'X 

/. Sa. Sa' : AN . NA' : SX^ : AX . XA' 

But Sa.Sa'=SE2=PN« 

/. PN^ : AN . NA' :: SX^ : AX . XA' 

Taking the particular case where PN coincides with the 
conjugate axis 

BC« : AC . CA' :: SX^ : AX . XA' 

Hence PN^ : AN . NA' : : BC^ : AC^ Q.E.D. 

49. It will be observed that the last article is a special 
case of the general theorem, Art. 18. It may also be written 

PN« : CA2-CN2::BC» : AC* 

50. On the Symmetry of the EUipae. 



Fig. 24. 
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If Cn be taken equal to CN, we see that A'w=AN and 
A'N=Aw. Hence [Art. 48] pn is equal to PN and PM to 
pM., Again, i£ pn meet the curve again in Q, we have pn=iQn. 
Hence PCQ is a straight line and is bisected at C. Also we see 
that the curve is symmetrical with respect to either axis. 
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51. Cor. PM« : BM . B'M :: AC^ : B0« 

For PN2 : AC«-CN« :: BO^ : AC^ 

/. CM« : AC2-.PM«::BC2 : AC^ 

/. BC^-CM* : PM>::BC> : AC« 

Hence PM^ : BM . MB' : : AC^ : BC^ 

Def, — ^Any line POQ through the centre is called a Dia- 
meter. 

62. Conversely, if we have given that PN* : AN . A'N in a constant 
ratio, the existence of a focus and directrix may be established. 

For, taking the particular case where PN coincides with BC, we get 

PN«: AN.A'NrrBC*: AC« 

Again, take a point S such that 08*=* AC*— BC*, and also a point X 
such that CS . CX:« CA*. Then if we describe on AA' a circle and draw 
SL perpendicular to AA' meeting the circle in L, XL is the tangent 
to the circle and SL — BC. 

[For SL* = AS . S A' = OA* - CS* = CB*] 
and .'. BC*;AC*::SL*:CL* 

::sx*: LX* 

::SX*: AX.A'X 

and as before Sa.Sa': AN.A'NrrSX* : AX.A'X 
Hence SE = PN 

Hence SP=NB 

But NB:NX::SA:AX 

/. SP:NX::SA:AX 

A similar method will apply to all conies. 



PROP. 2.— THEOREM. 

53. If the ordinate PN meet the circle on the transverse axis 
as diameter i/n Q, 

PN:QN::BC: AC 

Fio. 25. 
Q 
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and 



Because PN^ : AN . N A' : : BC^ : AC« 

AN . NA'=QN« [Euc. VI. 8 Cor.] 

/. PN«:QN2::BC«: AC» 

.-. PN :QN ::BC : AC Q.E.D. 

54. Cor, 1. — If Q'P'N' be any other ordinate, 

PN :QN::FN':Q'N' 

Hence it is evident that PP', QQ' intersect on the axis. 

55. Cor. 2. — If P' be indefinitely near to P, Q' will also be 
indefinitely near to Q. Hence tangents at P and Q intersect 
on the axis. 

66. We can hence deduce a mechanical construction for the ellipse. 




Let CX, CY be two fixed rods at right angles, FR a rod of given 
length sliding between them, which is divided at P in a given ratio ; 
then the point P will trace out an ellipse of which PF, PR are the 
lengths of the major and minor semi-axes respectively. 

For if PR'F' be drawn equally inclined to CX with PR, then 
PF=:PF' and PR -PR'. Let PN be the ordinate through P, and CQ 
parallel to PF' meeting PN in Q ; then CQ = PF'«PF and is constant, 
and /, the locus of Q is a circle. 

• D 



34 CONIC SECTIONS TREATED GEOMETRICALLT. 

Also PN:QN::PR':QO 

::PR : PP 
::a constant ratio 

.*. the locos of P is an ellipse which clearly has PF and PR for its 
semi-major and semi -minor axes respectively. 

It is thus dear that every point of the above rod traces out an 
ellipse, and that its middle point traces out a circle. 

PROF. Z,— THEOREM. 

57. U i^ tcmgent at P meet the axis in T, ami PN be the 

ordinate, 

CN . CT=CA2 

Let PN meet the circle on the axis as diameter in Q. 

Join CQ, TQ. 

Fio. 27. 




Then TQ is a tangent to the circle. [Art. 55.] 

.*. TQC is a right angle 
/. CN . CT=CQ« [Euc. VI. 8 Cor.] 

=CA2 Q.E.D. 

58. Note CN . NT=QN«=AN . NA' 

59. If the tangent at P meet the coi\jagate axis in t, and 
PM be the ordinate to that axis, 

ct :PN::CT : NT 

.-. c<.CM :PN3::CT.CN:CN.NT 
or ct.CU: CA^rrPN^ : AN . NA' 

::BC« :AC« 

.% C«.CM=:BC«* 

N.B. — These are only simple cases of Prop. 9. 
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60. We have been led to the result in Art. 57 by continnous deduc- 
tion from the primary Prop, in Art. 18 ; but it may be obtained more 
directly in the following manner. Let the tangent at P meet those at 
A and A' in B and R' respectively ; then 



Fig. 28. 




since RA, RP are respectively parallel to R'A', R'P 

/. RA:R'A'::RP:R'P 

Hence TA : TA' : : AN : NA' 

or CT-CA : CT + CA::CA-CN : CA + CN 

.-. CT: CA::CA:CN 

/. CT.CN = CA2 



[Art. 21.] 



Q.B.D. 



PROP. L— THEOREM. 

61. Jf i^ normal at the point P meet the axis m G, <md 
PN be the ordinate, 

NG:CN::B02: AC« 

For, using the %ure and construction of Prop. 3, since 
TPG and TQC are right angles, 



But 



PN»=TN . NG and QN2=:TN . NO 

PN«:QN2::BC2 : AO^ 
.-. NG:CN::BC«: AC« 

D 2 



Q.E.D. 
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FROF. fi,— THEOREM. 

62. If POP', QCQ' he any two diameters, then PP' shall 
he parallel to QQ'. 

Fig. 29. 




In the triangles PCQ, P'CQ' we have 

PC, QC=P'C, Q'C each to each 
and Z.PCQ=Z.P'CQ' 

.-. z:CPQ=z:CFQ' 

/. PQ is paraUel to FQ' Q.E.D. 

63. Cor, 1. — If P be taken indefinitely near to Q, then 
Q' will be indefinitely near to P', and PQ, P'Q' produced will 
become tangents. Hence the tangents at the extremities of a 
diameter are parallel. 



PROP, ^.—THEOREM. 

64. ^ diameter hisects aU chords parallel to the tangents at 
its extremities. 

Let QQ' be a chord parallel to the tangents at P and P'. 
Let the tangents at Q, Q' meet those at P, P' in R, R' and 
r, / respectively, and intersect in T. Let QQ' meet PP' in V. 
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Fig. 30. 




Then RR' and rr' are parallel [Art. 63] 

and are bisected at P and P' respectively. [Art. 23.] 

Hence PP' bisects QQ' in V and passes through T. 
In the same way any other chord parallel to the tangents 
at P and F is bisected by PF. Q.E.D. 

Definition. 

QV and Q'V drawn parallel to the tangents at P and P' 
are called ordinates to the diameter POP'. 

FBOP. 1. ---THEOREM. 

65. If QVQ' he a double fyrdvnais of the diameter POP', 
and if the dicMneter DOD' be pcurallel to QVQ', then shall 

QV2:PV.VF::CD2:OP2 

For, using the figure of Art. 64, 

QV . VQ' : PV . VF : : CD . CD' : CP . CP' [Art. 18.] 

But QV=:VQ', CD=CD', and CP=CF 

.-. QV^ ; PV . VF :: CD3 : CP^ Q.E.D. 

Cor. — This may be written 

QY2.cpa-CV2::CD2:CP2 
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PROP. %,— THEOREM. 

66. If (iv he cm ordinate to the diameter POP', and the 
perpendicular vp be drawn meeting the circle on PP' as dior 
meter in p, then the ta/ngents a4, Q amd p vneet on the diameter 
P'P produced. 

Fig. 31. 




For let QV be another ordinate, and let Q'Q meet PP' in 
T ; join Tp and let it meet the perpendicular through t/ in p'. 
Then, as in Prop. 2, it may be shown that 

Qo :pvf::OJ) : CP 

Again pv : p'v' ::Tv : Tv' 

::Qv :QV 

Hence Q'v' : p'v' : : CD : CP 

/, jo' also lies on the circle 

Hence the chords QQ', pp^ meet the diameter in the same 
point T, and, as in Art. 55, the tangents at Q and p meet on 
the diameter PP'. 



PROP. 9.— THEOREM. 

67. If the tangent at Q meet the diameter PP' in T, and 
QV he the ordi/aate to that diameter, 

CV.CT=CP2 
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Through V draw Yp perpendicular to PP' to meet the 
circle on PP' as diameter in p. Join Tp, pC. 

FiQ. 82. 




Then Tp is a tangent to the circle 

.*• TpC is a right angle 
A GV.CT=Gp^ [Euc. vi. 8. Cor.j 
=CP« Q.E.D. 

By using the figure of Art. 64, this may also be proved 
more directly, as in the case of the corresponding prop, in 
Art. 60. 

Note. CV . YT=/>V3 =PV . VF 



FHOP. \0.— THEOREM. 

68. Jf a diameter POP' bisect chorda pa/rallel to another 
.diameter BCD', then shall DCD' bisect chords parallel to POP'. 

Draw QQ' parallel to CD meeting CPin V. Draw the dia- 
meter Q'Cj^. Join Qq^ meeting CD in v. 

Fia. 33. 
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Because QV=Q'V and CQ'=Cq' 

,*. Qq' is parallel to CP 

Again since CD is pieirallel to QQ' and q'C=iCQ' 

/. q^v=Qv 

/. CD bisects chords parallel to CP Q.E.D. 

Def. — ^A diameter which bisects chords parallel to another 
is said to be conjugate to it. 

A pair of chords QQ', Qq' drawn from any point Q to the 
extremities of a diameter are called * Supplemental Chords/ 
and we see that they are parallel to a pair of conjugate dia- 
meters. 

PEOP. \\.— THEOREM. 

69» ^f t^ normal at a point P meet the axes m G omd g, 
and the dia/meter conjugate to CP in F, t^ien 

PF . PG=EC2 and PF . Tg^AG^ 

Let the tangent at P meet the axes in T and L Draw Gp 
perpendicular to the tangent meeting the ordinates PM', PN 
in m and n. 

Fig. 34. 
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Because 



Cm=PG, Gn 
.'. PF.PG 



P^, and Cj9=PF 

Gp . Gm 
^Gt . CM' [Euc. iii. 36. Cor. 
=BC2 [Art. 59. 
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Again TF.Tg=Gp.Cn 

= CT.CN [Euc. iii. 36 Cor." 
=AC2 [Art. 57; 

Q.E.D. 

FEOF. \2.— THEOREM. 

70. If OP, CD he a pair of conjtigate semidianieters, and 

the ardifuUea PN, DM he produced to meet tJie circle on A A' as 

diameter in Q cmd D', then the angle QCD' shall he a right 

angle. 

PN:CM::BC:AC 

and CM«= AN . NA' 

For, using the figure and construction of Art. 57, 

Since TP is parallel to CD, the triangles TNP and CMD are 

similar. 

/. TN :CM::PN : DM 

::QN:D'M [Art. 53.] 

Hence TNQ uid CMD' are similar. 

.•. TQ is parallel to CD' 
/. QCD'=CQT=a right angle .... [A] 
Again, in the right-angled triangles QCN, D'CM 

CQN=D'CM 

because they are each the complement of QCN and the side 
CQ=:the side CD'. 

.*. the triangles are altogether equal. 

.-. CM=QN and D'M=CN 

Now PN:QN::BC:AC 

.-. PN:CM::BC:AC) r^n 

Similarly DM : CN::BC : AC) ' ' ' ' ^ J 

Thirdly CM2=QN2= AN . NA ) r^-i 

Similarly CN«=AM.MA) * ' * ' L J 

N.B. — The results [A], [B], [C] ought to be remembered. 
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FROF. \Z.— THEOREM. 

71. If CQ, CQ' he a pcdr of conjugate semidia/metera cmd 
QV, Q'V ordinates to cmy diameter PCP', and ifYp^ Y'p' he 
drawn perpendicular to PP' to meet the circle on PP' as dia- 
meter in p^ p^f then the angle pep' shall he a right angle 

QV:CV'::CD :CP 
and CV'2=PV.VF 

This proposition is the same as Prop. 12, but has the 
ordinates oblique, and by using figure of Prop, 9 may be proved 
in exactly the same way. 

Def, — The diagonals CE, CF of the rectangles formed by 
the axes, and also parallel to the supplemental chords A'B and 
AB, are equal and conjugate diameters, and are called the 
' equiconjngate diameters.' 



FROF. \L— THEOREM. 

72. If an ordinate PN mset an equiconjugate dia/mster in 

R, then 

PN2-f-IlN3=BC« 




For PN2 : QA.^-OW:: BC^ : AC 

and RN2 rCN^rrBCa : AC^ 

.-. PN2+EN» : CAa::BC2 : CA^ 
/. PN3+EN3=BC2 

Similarly Dm^+Em^zsAC^ 



Q.E.D. 
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73. In the same way if AA', BB' be any pair of conjugate 
diameters, the tangents at A, A' and B, B' will form a paral- 
lelogram j and if PK, Dm be the ordinates to AA' and BB' 
meeting a diagonal in B, then 

PN8+EN2=BC2 
DmHEm2=AC3 

PROP. \^.-^THEOREM. 

74. The sum of the squares of a pair of conjugate diaaneters 
is constant. 

For, using the figure and construction of Art. 72, 

DM=EN 
.-. DM: CN::BC : AC 

.•. CP and CD are conjugate diameters. [Prop. 12.] 

From the results 

PN»+RN2=BC3 

Dm«+Rm2=AC« 

we obtain 

PN«+DM2=BC3) p., 

CN2+CM«=AC«) • • • L^-l 
.*. by addition 

CP2 + CD3= AC2 + BC2 Q.E.D. 

N.B. — The results [A] are often useful. 

75. Cor, — The lengths of the equiconjugate diameters are 
obtained by putting CP=CD 

.-. 2CP>=AC2+BC» 

PROP, l^, ^THEOREM. 

76. If the tangent to > an ellipse at a point P cut the tan- 
gents at the extremities of a diameter ACA' in T, ty then shall 

PT . P<=CD> 

CD being the semidiameter parallel to PT. 
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Let the tangent at P meet AA' in Q. Draw the ordinates 
PN, DM to the diameter ACA'. 



Fig. 36. 




Then P« : A'N::CD : CM 

PT : AN ::CD : CM 

/. PT . P« : AN . A'N: : CD^ : CM2 

But CM2= AN . A'N [Pl-op. 13] 

.-. Vt . PT=CD2 . . . . [B] 

77. Cor, — Let CB be the semidiameter conjugate to CA 
meeting the tangent in II ; then 

tA! :tP ::BC : CD [Art. 21] 

TA : TP::BC : CD 

.-. tA' . TA : CD2 :: BC2 : CD^ 

.-. tA' . TA=BC2 . . . . [C] 

Again QP : QN::CD : CM 

PR:CN::CD : CM 

.-. QP . PR : QN . CN :: CD2 : CM^ 

but CM2=AN . A'N=QN . CN [Prop, 13] 

/. QP . PR=CD2 . . . . [D] 

N.B. — Since Ct, CT bisect the supplemental chords A'P 
and AP they are conjugate diameters, and Prop. 16 may 
be enunciated thus : — 

78. If the tangent to an ellipse at a point P meet a pair of 
conjugate diameters in T and t, then 

Vt . PT=CD« 
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It will then be observed, by producing TC to meet < A', that 
[C] and [D] are the same prop, as [B]. 



FROF. 11. -^THEOREM. 

i 

79. ^ CP, CD be conjugate diameters, and tJie normal at 

P nieet CD in F, 

PF . CD=AC . BC 

Draw the ordinates PN and DM. Let PF meet the axis 
inG. 

Fig. 37. 




Because PG, PN, NG are respectively perpendicular to CD, 
CM, DM 

/, PGN and CDM are similar triangles 

/. PG:CD::PN : CM 

::BC : AC [Art. 70] 

/. PF . PG : PF . CD::BC2 : BC . AC 

But PF . PG=BC« [Art. 69] 

/. PF . CD=BC . AC Q.E.D. 



80. Cor, 1. — If PG be produced to meet the conjugate as 



^^g> 



Vg :CD::CN : DM 
::AC :BC 



and above PG : CD : : BC : AC 

.'. J?G . P^=CD^ by combining the above ratios. 
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81. Cor, 2. — The tcmgents at the extremities of a pair of 
conjugate diomieters form a pa/raUelogra/m whose a/rea is 
constant. 

Let POP' and DCD' be a pair of conjugate diameters. 

Fig. 38. 




The tangents at P and P' are parallel to BCD', and those 
at D and W are parallel to PCF. 

.*• these four tangents form a parallelogram. 

The area of parallelogram=4 area of parallelogram DP 

=4PF . CD 
=4. BO. AC 
=A A' . BB' 



PROP, U,— THEOREM. 

82. If AC A' be the axis, C the centre of am, ellipse, then 
CS : CA :: CA : CX :: SA : AX 
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For SA:AX::SA':A'X 

/. CA-CS : CX-CA::CA+CS : CX+CA::SA : AX 
/. CS : CA :: CA : CX :: SA : AX Q.E.D. 

Note CS . CX=CA« 

PROP. \^.— THEOREM. 

83. If ^he thefociM and B the extremity of the conjugate 

axis, 

SB=AC ami BC2=AS . SA' 

Join SB in the figure of Art. 82. 

SB:CX::SA : AX 
::CA:CX 
.-. SB=CA 

Hence BC^ssAC^-CS^* 

=AS . SA' [Euc. ii. 5. Cor.] 

84. If we take two points S' and X' on the axis such that 
A'S'= AS and A'X'=AX, it will be clear, fix)m the symmetry 
of the ellipse, that we have a second focus and directrix. 

We also notice, since C A : CX : : SA : AX, that the circle 
on A A' as diameter is a particular case of the ' Auxiliary 
Circle.^ 

Def. — ^The transverse axis is sometimes called the ^ Major 
Axis,' and the conjugate axis the ' Minor Axis,' for since SB is 
equal to AC it is dear that BC is less than AC. 

85. And since SL« : AS . SA' :: BC^ : AC^ [Art. 18] 

.\ SL5»:BC2::BC3 : AC 
and SL:BC::BC:AC 

or SL.AC=BC2 



PROP. 20.— THEOREM. 

86. ^^ sum of the focal diatcmcea of any point is equal 
to the transverse axis^ 
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Let P be any point. Draw the ordinate PN. 

Fig. 40. 




A-' x^ 



Because SP : NX :: SA : AX :: CA : CX 

and ST : NX' : S'A' : A'X' :: CA : CX 

/. SP+ST : NX+NX':.:2CA : 2CX 

But NX+NX'=2CX 

A SP + ST=2CA=AA' Q.E.D. 

87. Oor, — Hence it appears that SP + ST + SS' is constant, 
and therefore that if an endless string of this length be placed 
over two pegs at S and S' and kept tight by a pencil at P, then 
the pencil will trace out the ellipse, which gives another 
mechanical construction for the curve. 

88. From this it is also evident that the sum of the dis- 
tances of a point from the foci is greater or less than AA' as 
the point is without or within the ellipse. 

PROP. n,^THEOEEM. 

89. -(/* P ^« ^wiy point on cm ellipse whose foci are S and 
S', then SP, ST are equaXiy inclined to the tangent a/nd 
normal. 

Let the normal at P meet the axis in G 

SG:SP::SA : AX 
::S'A':A'X' 
::S'G :ST 
.-. SG:S'G::SP : ST 

/. SP, ST are equally inclined to PG [Euc. vi. 3] 
and •*• also equally inclined to the tangent at P Q.E.D. 
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90. Cor. — Let the tangent and normal at P cut the con- 
jugate axis in t and g respectively. 



Fig. 41. 




Since Z. SPG= Z S'PG, and that equal angles in a circle 
stand on equal arcs, if a circle be drawn round S, P, S' the arc 
which stands on SS' is bisected by the normal PG, as also by 
CB' or CB' produced. Hence g lies on this circle. 

And since the centre of the circle must lie on BB' and that 
gVt is a right angle, t also lies on the circle. 



PROP. 22.— THEOREM. 

91. The perpendiculars from the foci on cmy tomgent meet 
the tangent on the auxUia/ry circle of the centre, and the semi- 
aads minor is a mean proportional between their lengths. 

Let SY, S'Y' be the perpendiculars to the tangent at P. 
Join SP, ST and let ST, SY meet in W. Join CY. 

Fig. 42. 




E 
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Because L SPY= L WPY [Art. 89] 

/. SY=WY and SP=WP 
Again S'W=ST+PW=ST+SP=2CA 

/. CY, which joins the middle points of SW and SS', must 
be equal to CA. Hence Y lies on the auxiliary cii'cle of the 
point C. In the same way Y' may be shown to lie on the 
auxiliary circle of the point 0. 

Produce YC to meet Y'S', produced in Z'. 

Because YY'Z' is a right angle and YC passes through the 
centre of the circle .•. 7J lies on the circle 

and S'Z'=SY 

/. SY . S'Y'=S'Z' . S'Y' 

==:A'S' . AS' 

-BC2 [Art. 83.] 

Q.E.D. 

92. OoT, — ^If the diameter conjugate to CP or parallel to 
the tangent at P meet SP, ST in E, E', then 

PE'=CY =CA 

and similarly PE =OY'==CA 

93. If SP, S'P he the focal distances of a/ny point P, a/nd 
CD he the semi-dia/meter conjugate to CP, th^en 

SP.ST=CD2 

For in figure 52, Art. 91, 

the triangles SPY, STY', PEF are similar 

/. SP : SY::PE : PF::AC : PF 

and ST' : S'Y' :: PE : PF :: AC : PF 

.-. SP.S'P:BC2::AC2:PF2 

But PF . CD=AC . BC [Art. 79] 

.-. CD2:BC2::AC2 : PF^ 

.\ SP.ST=CD2 Q.E.D. 
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PROP. 2L— THEOREM, 



94 . V TP> T^' ^^ ^ P^^'"' ^f ^^*^«^^ drawn from T, ^Aew 
STP=S'TP' OTw^ S'TP=:STP' 

Fi'om S and S' draw perpendiculars to the tangents meeting 
them in Y, Y' and Z, Z' respectively. Join ST, S'T. 




SY.S'Y'=BC2=SZ.S'Z' 
/. SY:SZ::S'Z' : S'Y' 

Hence ST and S'T divide the angle PTP' in the same ratio. 

Q.E.D. 
/. STP=S'TP' and STF=S'TP 

PROP. ^IS.'-THEOREM. 

05. The locus of intersection of tcmgents at right angles is 
afoied circle. 

If the angle PTP' be a right angle (using figure 43, article 94), 
TY is parallel to SZ and TZ to S'Y'. And since the points 
Y, Y', Z, Z' lie on a circle whose radius is CA 

.•. CT2=CA2h-TY.TY' 

==CA«+SZ.S'Z' 

=CA^+BC*=a constant for all positions of T. 

Hence tangents at right angles always intersect on a fixed 
tarcle. Q.E.D. 

a 2 
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CHAPTER IV. 



THE HYPERBOLA. 



Def. — The curve traced out by a point which moves in such 
a manner that its distance from a given point is in a constant 
ratio, greater than, unity y to its distance from a given straight 
line is called an * Hyperbola/ 



Tracing the Curve. 

96. lu SX take a point A such that the ratio SA : AX is 
equal to the given ratio, then A is evidently a point on the 
curve. 

Fig. 44. Fio. 46. 





Draw the auxiliary circle at any point T on the side of the 
directrix remote from the focus ; let SE, TP be corresponding 
tangents to the circle and hyperbola respectively. Since the 
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eooentricity is greater than unity Ta is greater than Ta; /. the 
circle will cut the directrix and be divided into two segments. 



Fio. 46. 




Three cases will then occur : — 

1. When E is on the arc more remote from S the point P 

will be on the same side of the directrix as the focus. 
As the auxiliary circle is made to move upwards the 
point E approaches Z and the angle between SP and 
ZP slowly diminishes, and •*. the point of intersection 
P recedes from the focus. 

2. As the circle continues to move upwards E becomes 

coincident with Z on the directrix, and the point P is 
then at an infinite distance. 

3. As the circle continues to move still further upwards, 

the point E crosses the directrix and comes between 
Z and S on the arc of the auxiliary circle nearer the 
focus ; the angle between SP and ZP b^ins to increase, 
and the point P again approaches the focus, but now 
on the opposite side of the directrix, and finally cuts 
the axis at a point A' such that S A' : A'X::SA : AX. 
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Hence we come to the following conclusion as to the shape 
of the cui've : — 

There are wo infinite branches which Ue on opposite sides 
of the directrix, and these branches He between two inter- 
secting lines whicn touch them at infinity and intersect the 
axis in a point T such"; hat the angle SZT is a right angle and 

TZ :TX::SA : AX 

These lines are called ' Asymptotes ' to the curve ; and the 
construction shows that there are only two such lines. 
The curve is also divided symmetrically by the axis. 

Definitions. 

1. The line A A' is called the transverse axis of the 
hyperbola. 

2. The middle point of the transverse axis is called the 
centre. 

PROP. 1. 

07. The symmetry of the Hyperbola, 

Draw any ordinate PN to the transverse axis. 




A line through C perpendicular to the axis does not meet 
the curve, but if we mark off CB=CB' such that the ratio 
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• • 



CB2 : CA2 represents the constant ratio PN^ : AN . A'N, 
then the line BB' may be conveniently called the ' conjugate 
axis.' Exactly as in Art. 49 we deduce the symmetry of the 
hyperbola. 

AN.A'N::BC2 : AC^ 

CN2-CA2::BC2: AC2 

PM2-CA2::BC2 : AC^ 

BC2::PM2-CA2 : AC^ 

CM2+BC2 : BC2::PM2 : AC^ 

or PM2 : CM^ + BC2 : : AC^ : BC^ 

Cor, 2. — From the symmetry of the hyperbola we also infer 
that the two asymptotic lines pass through the centre. 



98. Cor. 1.— PN2 

PN2 

CM2 






PROP. 2. 

99. Jf PN he an ordinate of an hyperbola and NQ he a 
tangent to the circle described on the transverse axis as diameter^ 
then 

PN:QN::BC:AC 

Fig. 48. 




For 



and 



TK^ : AN . A'N : : BC^ : AC^ 

AN . A'N=QN2 
/. PN2:QN2::BC2 .j^q2 



Q.E.D. 
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100. Cor.— If PN be produced to p so that ;>N=QN, 
then jpN'2 : AN . A'N : : AC« : AC« 

and p lies on an hyperbola having equal axes. 

JDef. — ^An hyperbola whose axes are equal is called an 
* Equilateral Hyperbola.' 

Cor. — As in Art. 54, Cors. 1 and 2, it may be shown that 
the tangents at p and P meet the axis in the same point T. 

FEOF. 3. 

101. ^ the tangent at P meet the axis m T, and PN be the 
ordinate, it may be proved m exactly the same way as in Art. 
60, ^l^ing a figure similar to that in Art. 110, that 

CT . CN=CA« 

102. This points to the conclusion that QT [Art. 99] is 
perpendicular to the axis, because 

CT.CN=:CA2=CQ« 

103. It may also be useful to remark here that since an 
equilateral hyberbola is one whose axes are equal, and a circle 
is an ellipse whose axes are equal, the Cor. to Art. 100 corre- 
sponds to the Cor. of Art. 54. 

FEOP. 4. 

104. If the ruyrmal at P meet the axis in G, and PN be the 
ordinate, 

NG:CN::BC2: AC« 

For, using the figure and construction of Art. 99, 

PN2=TN . NG QN2=TN . NC 
But PN2 :QN2::BC2 : AC2 

Hence NG : CN : : BC^ : AC^ 

105. The next three propositions are so nearly like the 
corresponding ones in the ellipse that it will only be necessary 
to enunciate them. 
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PROP. 5. 

106. If POP', QCQ' he any two diameters, then PP' shall 
he parallel to QQ', 

Cor, — The tangents at the extremities of any diameter are 
parallel. 

PBOP. 6. 

A diameter Insects aU chords parallel to the tangents at its 
extremities, 

PROP. 7. 

107. If QVQ' he a dovhle ordinate to the diameter 
POP', then QV^ : PV . FY in a constant ratio [figure 49, 
Art. 110]. 

108. A line through C parallel to QQ' does not meet the 
curve, but if we mark off CD=CD' such that the ratio 
CD* : CP2 represents the constant ratio QV* : PV . FY, then 
the line DD' may be conveniently called the diameter parallel 
to QQ' [^g. 49, Art. 110]. 

PROP. 8. 

109. If^p he the tangent to the circle on the diameter PP' 
and YQ he the ordinate, then, as in Prop, 2, 

QY:;>Y::CD:CP 



PROP. 9. 

110. If the tangent at Q meet am,y diameter PP' in T, and 
QY he the ordinate to that diameter, 

CY . CT=CP2 
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Let the tangent at Q meet those at P and P in the points 
E, and R' respectively ; then 

Fig. 49. 




R 

Exactly as in the case of the ellipse 

RP:R'F::IIQ : R'Q 

Hence TP : TP' :: PV : VF 

or CP-CT : CP+CT::CV-CP : CV+CP 

.-. CT:CP::CP:CV 

/. CY.CT=CP2 Q.E.D. 

111. Cor. 1. — ^If a circle be described on PP' as diameter 
and Yp be the tangent to it, it may be shown, exactly as in 
Art. 102, that pT is perpendicular to PP'. 

Hence CV . VT=yp2^PY . VP' 

112. Cor. 2. — If the tangent at Q meet the diameter 
parallel to QV in t, and Qt? be drawn parallel to CP meeting 
that diameter in v, then 

For C<:QV::CT:TY 

/. Ct?.C«:QV2::CV.CT:CY.TY 
.-. Cv . C« : CY . CT:: QY2 : PY . P'Y 

::CD«:CP« 

Hence Cv . C<=:CD2 
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PROP. 10. 

113. If cb diameter POP' bisect chorda parallel to another 
diameter DCD', then shaU DCD' bisect all chords parallel to 
POP'. 

Draw QQ' parallel to CD meeting CP in V ; draw the dia- 
meter Q'Cq\ Join Q^'' meeting CD in v, 

Fia. 50. 




Then, because QY=Q'V and CQ'=Cy' 

.'. Qq^ is parallel to CP 

Again, since CD is parallel to QQ' and q'C = CQ' 

/. q'v=iQv 
.\ DCD' bisect diords parallel to PCF. Q.E.D. 

JDef, — A diameter which bisects all chords parallel to 
another is said to be ' Conjugate ' to it. 

A pair of chords QQ', Qq' drawn from any point Q to the 
extremities of a diameter are called 'Supplemental Chords/ 
and we see that they are parallel to a pair of conjugate dia- 
meters. 
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FROP, 11. 

114. If the normal at a point P meet the axes in G, g, and 
the diameter conjv/gate to CP in P, then shall 

PF . PG=BC2 and PF . P^=AC2 
Fio. 51. 




Let the tangent at P meet the axes in T, ^ ; draw C^ per- 
pendicular to the tangent meeting the ordinates PM and PN 
in m^ n. 

Because Cm=PG Cw=P5r and C;?=PF 

/. PF . PG=CjE> . Cm 
=C« . CM 
=BC2 



Again 



[Euc. III. 36, cor.] 
[Art. 112, cor.] 



PF.P^=C;?.Cw 

=CT . CN [Euc. III. 36, cor.; 



=CA2 



[Art. 101.; 



FBOF. 12. 

115. ^he diagonals of the paralldogra/m formed by any 
pair of conjugate diameters CP, CD coincide with the asym- 
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ptotes; and if any ordinate QVQ' of the diameter CP meet the 
asymptotes in K and W, then 

RV« -QV«=RQ . RQ'=CD« 
and RQ=R'Q' 

Fig. 62. 




For RV2 : C V2 : : CD^ : CPa 

and QV* : CY^ - CP^ : : CD^ : CP^ 

/. RV2-QV2 : CP2::CD2 : CP^ 
Hence RVa-QV^^RQ . RQ'=CD2 

Again, since CP evidently bisects both QQ' and RR' 
/. RQ=iR'Q' and RQ'=R'Q 

Lastly, CE is an asfymptote ; for since the rectangle RQ . RQ' 
is the same for all parallel chords, and RQ' increases as QQ' is 
taken farther and farther from the centre, therefore RQ 
diminishes. Hence the curve approaches nearer and nearer to 
the line CE and touches it at an infinite distance ; therefore CE 
is an asymptote, and in like manner CE' is the other asymptote. 

Cor. 1. — ^In a similar manner 

Rg.Rg'=CP« 
and R^ssrY 

Cor, 2. — K CP and CD be a pair of conjugate diameters, 
then PD is parallel to one asymptote and is bisected by the 
other. 
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PROP. 13. 

116. Th^ dijffhrence of the squares on any pair of conjugate 
diameters is constant. 

From any point R in an asymptote draw the ordinates 
RPN and RDM to the diameters CA and CB, making PD 
parallel to AB. Let CE be the diagonal of the parallelogram 
formed by the conjugate diameters CA and CB. 

Fig. 63. 




Then CA:CN::CE:CR 

::GB:CM 

Hence MN is parallel to AB, and therefore also to PD, and 
each of these lines is evidently bisected by the asymptote CE. 
Therefore CP and CD are conjugate diameters. 

Again RM^ : RN^ : : A^ : CB^ 

and DM2 : PN« : : C A^ : CB^ 

.-. RM«-DM2 : RN2-PN'^::CA« : CB^ 

But RN«-P]Sr2=CB2 [Art. 115] 

.-. RM«-DM2=CA« 

Hence (CN2+PN2)-.(DMHCM«)=CA2-CB« 

.\ 0P2-CD«=CA2-CB2 Q.E.D. 

Cor. DM»=CNa - CA^^AN . A'N 

PN2=CM»-CB2 =BM . B'M 

Also PN : DM::CM ; CN::BC : AC 
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PROP. 14. 

117. The locus of the extremity D of diameters whicli do 
riot meet the curve is an hyperbola. 

For, using the figure of Prop. 13, 

DM2 :PN2::CA2 : CB« 
.-. DM2 . BM . B'M :: CA* : CB^ 

Hence D lies on an hyperbola whose axes are CB and CA. 

118. ^^f — The hyperbola which is the locus of the extre- 
mities of diameters of an hyperbola, which do not meet the 
curve, is called the Conjugate Hyperbola. 



PEG P. 15. 

119. Conjugate diameters of an hyperbola are also conjugate 
diameters of the conjugate hyperbola. 

For in figure 62, Prop. 12, let qq' meet the conjugate hyper- 
bola in D' and D''. Then 

11^=/^' and RD'=r'D" 
.-. D'g=D'y 

But CD bisects qq', which is parallel to CP. 

Hence CD also bisects D'D", and therefore CD and CP are 
conjugate diameters of the conjugate hyperbola. Q.E.D. 

Cor. — The conjugate hyperbola has the same asymptotes as 
the given hyperbola. 

PROP. \Q.— THEOREM, 

120. If CP, CD be conjugate diameters and the normal 
at P meet CD in F, 

PF . CD=AC . BC 
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Draw the ordinates PN and DM, and let PF meet the axis 
inG. 

Fig. 64. 




Because PG, PN, NG are respectively perpendicular to 
CD, DM, CM 

/. PGN and CDM are similar triangles 

.-. PG: CD::PN.DM 

::BC : AC [Art. 116, cor.] 
/. PF.PG:PP.CD::BC»:BC.AC 

But PF . PG=BC« 

.-. PF.CD=BC.AC Q.E.D. 

121. Cor. 1. — The parallelogram formed by drawing tan- 
gents to the hyperbola and its ooi^jugate at the extremities of a 
pair of conjugate diameters is of constant area. 

For in figure 62, Art. .115, the area of the parallelogram 

formed by drawing tangents at the extremities of the diameters 

PCP' and DCD' 

^4: . PCDE 

=4.PF.CD 

=4.AC.BC 

=AA' . BB' 

122. Cor. 2.— -Again, the area of the triangle ECE' 

= AC . BC 

* 

or the triangle which any tangent to an hyperbola forms with 
the asymptotes is of constant area. 
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PROP, n,— THEOREM. 

123. Tf ACA' he the tro/nsverse axis, C the centre, S the 
focus, and X the foot of the directrix, 

CS : CA :: CA : CX:: SA : AX 

Using the figure of Art. 97, we get 

SA: AX::SA' : A'X 
.'. CS-CA : CA-CX::CS+CA : CA+CX 
.-. CS : CA :: CA : CX :: CS- CA : CA-CX 

::SA:AX Q.E.D. 

PROP, l^.— THEOREM. 

124. If^he the focus and B the end of conjugate axis, 

BC«=AS . A'S, ami CS2=:CA2+CB« 

Draw the ordinate SL through the focus [fig. 47, Art. 97]. 

SL : SA:: SX : AX:: SA+AX : AX 

::CS+CA : CA 

Similarly SL : SA'::SX : A'X::SA'-A'X : A'X 

::CS -CA : CA 
.•. SL« : SA . SA' :: CS«-CA2 : CA^ 

But SL» : SA . S A' : : BC« : AC« 

.•. BC2=:CS2-CA« 

=SA . SA' Q.E.D. 

125. Since CA : CX::SA : AX the circle on. AA' as 
diameter is the auxiliary circle of the point C. 

Fig. 66, 
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And since OS . CX=AC2=CZ« 

.*• CZS is a right angle 
•% SZ is a tangent to the circle 

and CZ is one of the asymptotes. 

Cor. 1. SZ2=SA . SA' 

=BC2 
.-. SZ=BC 

Cor, 2. — If the tangent at A meet the asymptote in L 

AL=SZ=BC and CL=CS 

Hence also the asymptotes are the diagonals of the rectangle 
formed by the axes; which was also proved in Art. 115. 

126. It is evident from the symmetry of the hyperbola 
that if we take two points S' and X' such that S'A'=SA and 
A'X'=AX, there will be another focus and directrix. Also 
since CA : CX : : SA : AX the circle on the transverse axis is 
an auxiliary circle. 



PROP. \^.— THEOREM. 

127. The differeruie of the focal distcmces of any point is 
equal to the tramsverse oasis of the hyperbola. 

Let P be any point ; draw the ordinate PN. 

Fig. 66. 



But 




S' A' X^ X ASN 

ST:NX'::SA:AX::CA 

SP :NX ::SA : AX::CA 

ST~SP : NX'-NX::2CA 

NX'-NX=2CX 
ST-SP=2CA 



CX 
CX 

2CX 



• • 



Q.E.D. 
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128. Also as in an ellipse we can deduce a mechanical construction 
for the curve. 

Fig. 67. 




Let ST be a rod moveable in the plane of the paper about a fixed 
"point S'. Let a flexible string TPS be tied to the other end of the rod 
and to a fixed point S, the length of the rod exceeding the length of 
the string by any given quantity. Let this string be held tight against 
the rod by a pencil P, and the system turned about S'. Then P will 
txace out an hyperbola with foci S' and S ; for 

ST - SP = (ST + PT) - (SP + PT) 

= length of rod— length of string 
tt constant 



PROP. 20. 

129. If V he way pomt on an hyperbola whose foci are 
S amd S', then SP, S'P are eq%wMy inclined to the tangent and 
normal. 

Using figure of [Art. 127] the proof is exactly the same as 
[Art. 89]. 

PEOP. 21. 

130. ^he perpendiculars from thefod on any tangent meet 
the tangent on the ati^Uiary circle oj the centre, and the eemi* 
axis minor is a mean proportional to their lengths, 

f2 
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Let SY, S'Y' be the perpendiculars to the tangent at P. 
Join SP, ST and let ST and SY meet in W. Join CY. 



Fio. 58. 




The proof is the same as [Art. 91] with the exception of 
S'W=ST-PW=ST-SP=2CA. 

PROP. 22. 

131. If SP, ST he the focal distances of amy point P, and 
CD the semidiameter conjugate to CP ; then 

SP . ST=CD2 

Using the figure of [Art. 130] the proof is the same as 
[Art. 93]. 

PBOP. 23. 

132. If ^'^Joo tam/gemJts he dranjon from any point T to an 
hyperbola they are equally mdiffied to ST ami S'T. 

Fio. 59. 
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The oonstrudion and proof are exactly the same as Art. 94. 

133. Cor.— If TP and TF be at right angles, then 

SY=TZ and S'Y'=TZ' 

Again, since the points Y, Y', Z, Z' all lie on the circle on 
AA', 

CT2=CA«-TZ.TZ' 
=CA«~SY.S'Y' 
=CA«-CB2 

Hence tangents at right angles intersect on a fixed circle. 
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CHAPTER V. 
THE RECTANGULAR HYPERBOLA, 

134. If the axes of an hyperbola be equal, the angle between 
the asymptotes is a right angle, and the hyperbola is called 
* equilateral ' or ' rectangular/ 

Many of the properties of the hyperbola will become modi- 
fied in the case of the rectangular hyperbola, and many new 
ones will suggest themselves. 

The property in [Art. 97] becomes, since BO=AC, 

PN2=AN . A'N 
=CN2-CA« 

135. Hence if the ordinate FN of an hyperbola meet a 
rectangular hyperbola having the same transverse axis in the 
point Q, 

PN2:QN2::BC«: AC^ 

a property corresponding to the one in Art. 53. 

136. From Art. 124, 

CS2=2AC« 

.'. CS:CA:vT::SA: AX 

which determines the eccentricity of a rectangular hyperbola 
to be s/2, 

137. From Art. 115, 

Since RCR' is a right angle, P and V are the centres of the 
circles round the triangles ECE' and BCK'. 

Hence CP=:PE=CD 

that is, conjugate diameters are equal. 

Again, if a diameter be drawn at right angles to CD, it will 
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be equally inclined to the axis with CP and /. equal to it ; 
hence also diameters at right angles are equal to one another. 

Again, RV=:OV 

But RV2-QV2=CD» 

.-. CV2~QV2=CP2 

Again, Z.VCR=Z.VItC 

Hence a chord QQ' and its conjugate CY are equally 
inclined to the asymptote. 



PROP. 1. 

138. The angle between cmy two chorda is eqtial to that 
between their conjugates. 

For if CQQ' be the asymptote, Y Y' the middle points of 
the chords, 

Fig. 60. 




ZYCQ = -dYQC 
/.Y'CQ'=Z.Y'Q'C 
.'. z.YCY'=:Z.QOQ' Q.E.D. 

139* Cor. — ^A particular case of the last article is when 
one of the chords becomes a tangent. 

ILiet Vp be the chord meeting the asymptote in Q. Let CY 
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be its conjugate, Let the tangent at F meet the asymptote in 
L and CV in T. 

Fia. 61. 







ZLVQO 
Z.PLC 
Z.VPT 



140. From Art. 114 



PF . PG=PF . P^r 
/. PG=P(7 



From Art. 120 



PF . CD= AC2=:PF . PG 
.'. PG=P(7=0D 



FBOP. 2. 

141. ^ chord svhtenda at the extremities of amy dicmieter 
angles which are either equal or supplementary. 
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Let QQ' be the chord, POP' the diameter ; biaect PQ, PQ' 
in V and v. Join CV, CV'. 

Fia. 62. 




Then CV, CV' are respectively parallel to P'Q, P'Q'. 

••• ZQFQ'=-ZVCV' 

But VCV is equal to the angle between PQ and Q'P pro- 
duced [Art. 138]. 

Hence QPQ' is the supplement of QP'Q'. 

In the same way it may be proved when Q and Q' are on 
different branches of the curve. 



PBOP. 3. 

142. Jf a recta/ngular hyperbola pass through the am^vXar 
points of a triangle its centre wiU lie on the nine point circle of 
the triangle. 

Jjdt PQR be the triangle ; D, E, F, the middle points of its 
sides ; C the centre of the hyperbola. Join CE, CF, DE, 
andDF. 
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Fia. 63. 




Then because CE, CF are conjugate to PR, QP; 



.% ZFCE=Z.QPR 
= Z.EDP 



[Art. 138.] 



/• The circle passing through EDP, also passes through C. 
/. C lies on the nine point circle of the triangle. 

143* Also this rectcmgiUar hyperbola passes through the 
orthocentre of the triangle. 

For let be the orthocentre, and LMN the feet of perpen 
diculars. 

Fig. 64. 




Let the curve cut PL in O'. 
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Then LQ.LR=LP.LO' [Art. 18 and 137.] 

But QOLy PKL are similar triangles, 
whence LQ : LO :: LP : LR 

maid /. LQ.LR=LP.LO 

Wherefore O and O' are coincident, and the curve passes, 
through the oi*thodentre O. Q.E.D. 
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CHAPTER VI. 

CURVATURE OF C0NIC8. 

Explanation op Cubvature. 

144. If two chords of a conic, PP', QQ', be taken equally 
inclined to the axis and intersecting in O, the chords parallel 
to them through the focus will be equal and divided into equal 

parts. 

Flo. 65. 




.'. OP . OF=OQ . OQ' [Art. 18.] 

Hence a circle can be described through the four pokits 

Q, P, Q', P'. 

145. If two of these points, P, Q', be taken very near to 
one another, PQ' produced will become a common tangent to 
the circle and conic, and the two are said to have contact of 
the first order, or to touch one another. 

146. If the three points Q, P, Q' be taken very near to 
one another, PQ' and PQ will both become tangents, and the 
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curves have two consecutive tangents common, and are said to 
have contact of the second order, or to have the same ' curva- 
ture.' 

Bef, — The circle which has the same curvature as a curre 
at any point is called the circle of curvature, and any chord of 
the circle drawn through that point is called a chord of curva- 
ture. 

The radius of the circle of curvature is called the radius of 
curvature. 

FEOP. \.— PROBLEM. 

147. To find an expreaaion for ihs chord of Cfwrvature in 
terms of the chord of the conic. 

Let a circle intersect the conic in the four points Q, P, 
Q', F'. Through P draw a chord cutting QQ', the conic, and 
the circle respectively in Y, jo, R. Let t, c stand for the squares 
of the semidiameters parallel to QQ' and the chord of the 
circle respectively, or for the parallel focal chords. 

Then QV. Q'V : PV.jt?V::« : o [Art. 27] 

,% PV.VR : l^Y.pYiit : o 
.\ YHipYy.tio 

Now if Q, P, Q' be taken very near to one another, QQ' 
becomes a tangent and PE the chord of curvature, and Y coin- 
cides with P, and we get 

PR I'Ppr.t :o 



PROP. 2.— THEOREM. 

148. If PQ fte the chord of curvature in way directiorif of 
an eUipae or hyperbola, meeting CD, the dia/meter conjugate to 
CP vn K, then 

PQ.PK=:2CD» 

Let PE' be the chord of curvature through the centre ; let 
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PR be the diameter of curvature meeting CD in F. Join 
RR', RQ. 

Fio. 66. 




PR' : 2CP:: CD^ : CP^ [Art. 147.] 

.-. PR'.CP=2CD2 

Since circles will go round the quadrilaterals FCR'R and 
FKQR, 

.-. PQ.PK=PF.PR=PC.PR'=2CD2 Q.E.D. 



PROP. Z,— THEOREM, 

149* If PQ ^^ i^ chord of curvature in any direction, of a 
parabola, Tneeting the focal chord, parallel to the tangent at 
P, in K, 

PQ . PK=:4SP2 

And the chord of curvature through thefocu8^=A:^V, 

Let PR' be the chord of curvature through the focus. Let 
PR be the diameter of curvature meeting the focal chord, 
parallel to the tangent at P, in F. Join RQ, RR'. 
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Fig. 67. 




PR' :Pp::4SP :Tp 
/. PR'=4SP 



[Art. 147.] 



[i.e, the chord of curvature through the focus is 4SP.] 

Since circles will go round PKQR and FSR'R, 

.% PQ . PK=PF . PR=PS . PR'=4SP2 Q.E.D. 

150. Mte, — It is proved above that the length of the chord of 

2CD* 
curvature through the centre is ^^ . If PQ pass through the focus, 



CP 



2CD« 



PK= AC. Hence the chord of curvature through the focus « . 

AC 

From these propositions the value of the radius of curvature can at 

once be inferred. 



1. Case of central conic. 

Radius of curvature «^PR«^ 

2 PF 



and 



CD» 



CD» 



PF.CD AC.BC 

PG».AC» 
AC 

PG» . AC« 



(3) 



^^AC' (since ?5«BCX 
.BC* ^ CD AC>/ 



BC* 



(Normal)* 



(Semi Latus Rectum)' 



:. • • • (T) 
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2. Parabola. 

Radius of curvature = iPB = 



PF 
2SP« 

SY 


2SY« 

AS« . S Y 


2SY» 

AS« 




1PG« 
4 AS« 






(Normaiy 



(Semi Latus Bectum) 
Results (a), ($), (7), should be remembered. 



i . . . (7) 
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CHAPTER VII. 

THE RIGHT CIRCULAR CONE, 

Def, — * A cone is a solid figure described by the revolution 
of a right-angled triangle about one of the sides containing the 
right angle, which side remains fixed.' [Euc. XI. Def. 18.] 

151. Let VHP be the right-angled triangle, VH the side 
which remains fixed. As the triangle revolves about the side 
VH, the side VP produced infinitely far both ways traces out 
the surface of a right circular cone. 

Fio. 68. 




[Dotted lines are those beneath surface of cone or plane of 
paper.] 

Def, — The fixed point V is 'called the Vertex of the Cone. 

The fixed line VH produced infinitely far both ways is 
called the Axis of the Gone. 

Twice the angle PVH is called the Vertical Angle of the 
Cone. 

G 
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Any line P'VQ' drawn through the vertex and on the 
surface of the cone is called a * Generator ' or * Generating 
Line/ 

It is clear that if a plane perpendicular to the axis of the 
cone intersect the surface of the cone, the curve of intersection 
will be a circle. 

Again, the distance of any point, on a circular section, from 
the vertex is constant, thus 

yP=yP' and VQ=VQ' 

Albo we notice that if a plane passing through the vertex 
intersect the surface of a cone the curve of intersection will be 
two generators. 

FMOF. 

152* If a plane which is not perpendicular to the axis and 
does not pass through the vertex intersect the surface of a cone, 
the curve of intersection will be an ellipse, parabola, or hyper- 
bola, according to the direction of the plane. 

Fig. 69. 




Let the plane of the pap^r contain the axis of the cone^ and 
intersect its surface in the generators YE, YF' ; let the plane 
of section be perpendicular to the plane of the paper and inter- 
sect it in the line AN, and the surface of the cone in the curve 
AP. Draw the plane ¥PW perpendicular to the axis of the 
cone, and also to the plane of the paper; let it intersect the 
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plane of the paper in the line FNF' and the sur&oe of the cone 
in the circle FPF'. 

Inscribe a sphere in the cone touching the plane of section 
in the point S and the surface of the cone in the circle EQE' ; 
let the plane of this cirde intersect the plane of section in the 
line XM. Join SP and let VP cut the circle EQE' in the 
point Q. 

Then, because the plane of section and the plane FPF' are 
both perpendicular to the plane of the paper, their intersection 
PN is perpendicular to the plane pf the paper. Similarly XM 
is perpendicular to the plane of the paper. 

Again, SP and PQ are tangents to the sphere. 

.-. SP=PQ 
=EF 

Now from similar triangles we have 

EF:NX::AE: AX 
Hence SP:NX::SA:AX 

Therefore the curve AP is either an ellipse, a parabola, or an 
hyperbola, according as SA is less, equal to, or greater than 
AX. 

153. (1) If AN be parallel to the generator VP', then 

the angle AXE is equal to the angle YE'X ; that is, to VEE' 

orAEX. 

/. AE==AX 

or SA=AX 
Therefore the curve is a parabola. 

Fig. 70. 




Ql 
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154* Cor, — ^If be the centre of the inscribed sphere, 
since PN is perpendicular to the diameter FF' of the circle 

/. PN2=NF . NF [Euc. VI. 8, cor.] 
=20 A . NF 
But from similar triangles 

NF: AN::2A0 : AV 
::2AS: AO 

.-. OA . NF=2AS . AN 
Therefore PN«=4AS . AN 

155. (2) If AN meet the generator YF' in A' on the 
same side of the vertex as A, then the angle AXE is less 
than the angle AEX ; therefore 

AE or SA is less than AX 
therefore the curve is an ellipse. 

Fig. 71. 



0' 

In this case another sphere can be inscribed in the cone 

Ijipaching the plane of section in S', and the cone in the circle 

GQ'G' ; and it can easily be shown that S' is the other focus of 

the ellipse, and that the intersection of the plane of section 

with the plane of the circle GQ'G' is the other directrix. 

Cor, 1 .-—To prove that SA=S'A' and that 

EG=E'G'=AA' 
also SP+ ST^AA' 
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For since EG=E'G' 

.-. EA+AG=E'A'+A'G 

Hence AS + AS' = A'S + A'S' 

or 2AS+SS'=SS'.+ 2A'S' 

/. AS=A'S' 

Hence EG=E'G'=AA' 

Next let yP meet the circle GQ'G' in Q\ Then since ST 
and FQ' are tangents to the same sphere 

.% ST=PQ' 
also SP=PQ 

/. SP+ST=QQ'=EG=AA' 

156. Cor. 2.— To prove that 

PN2 : AN . A'N :: SX2 : AX . A'X 

::BC2: AC2 
From similar triangles 

FN:AN::EX:AX 
and FN: A'N::E'X: A'X 

.-. FN . FN : AN . A'N :: EX . E'X : AX . A'X 
/. PN2 : AN . A'N :: SX^ : AX . A'X 

and in the same way if C be the middle point of AA' and BO 

the ordinate, 

BC2 : AC2::SX2 : AX . A'X 

157. Cor. 3. — If AM and A'M' be the perpendiculars from 
the vertices A and A' upon the axis of the cone, 

AM . A'M'=BC2 

For if we imagine PN in the figure to coincide with BC, then 
clearly FN and F'N are respectively equal to A'M' and AM. 

/. BC2=FC . FC 

=AM . A'M' 

158. (3) If AN meet the generator • VF' in A' on the 
opposite side of the vertex to A, then the angle AXE is greater 
than the angle AEX ; and therefore 

SA is greater than AX 

Therefore the section is an hyperbola. 
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In thie case another sphere can be inscribed in the cone on 
the other dde of the vertex touching the plane of section in 8' 
and the cone in the mole OQG', and it ma^ be shown that the 
plane of section cute the other portion of the cone in the other 
branch of the hyperbola, and that S' is the corresponding focus 
and the intersection of the plane of section with the plane 
GQ'G' is the corresponding directrix. 

Cor. 1. — In the same way as in the case of the ellipse 
SA=S'A' 
EG=E'G'=AA' 
and S'P-8P=AA' 

159. Cor, 2. — In the same way as in the ellipse 
PN» : AN . A'N : : SX* : AX . A'X 
::BO»:AC» 
160- Cor. 3. — If AM, A'M' be theperpendicularB from the 
vertices A, A' upon the axis of the cone, 
AM.A'M'=BC» 
Fia 72. 
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For from similar triangles 

2AM : AA'::E'X : A'X 
2A!W : AA'::EX : AX 

Hence AM . A'M' : AC^ : : SX^ : AX . A'X 

::BC2 : AC2 
/. AM.A'M'=BC2 

161. Cor, 4. — If a plane through the vertex parallel to the 
plane of section intersect the cone in the generators VR, VR', 
these lines shall be parallel to the asymptotes of the hyperbola. 
For let this plane intersect the plane of the paper in the line 
YH; then 

FH: VH::FN: A'N 
and FH:yH::FN:AN 

Hence RH^ : VH^ : : YW : AN . A'N 

::BC2:AC2 

Hence VR is parallel to an asymptote. 
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CHAPTER VIII. 
<rRAN8VERaAL8. 

Def, — If A £ C D be four points in a straight line, then 
the ratio AB . CD : AD . £C is called the ' ArJuurmonic Ratio* 
of the four points. For the sake of brevity this is generally 
expressed by enclosing the four letters in brackets thus 

[ABCD] denotes the anharmonic ratio of the four points 
A B C D taken in tl^e order A, B, C, D. 

Def. — If the four points ABCD be joined to any fifth 
point O not in the same straight line, the four lines meeting at 
O are called a * PencU, and each line a * Ray * of that pencil. 

Any line drawn cutting the rays of a pencil is called a 
Transversal, 

PROP. 1. 

162. ^ CLi^y transversal cut a pencil in four points the 
anharmonic ratio of the/our points is constant /or all positions 
of the transversal. 

Let OA, OB, OC, OD be the rays of the pencil, and first 

let the line be parallel to the straight line ABCD and cut these 

rays in a, b, c, d. 

Fig. 73. 
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Then from similar triangles 

AB : AD::ab : ad 
CD : BG::cd : be 

/. AB.CP : AJD. BC lab.cd: ad. be 

or [ABCD]=[a5ccr| 

Next let abed be not parallel to ABCP. Through b draw 
EST parallel to OD, cutting OA, 00 in R and T respectively ; 
then 

Fio. 74. 




By similar triangles 

a>b : adiiBJb : Od 

cd : bcr.Od : 6T 

ah .ed : ad,bo::'Rb : bT 

Hence [a6af]=R6 ; bT 

and therefore [a5(^] is constant for all directions of the straight 
line through iJie point b ; and we have proved that the anhar- 
monic ratio is not altered by moving the transversal parallel to 
itself, hence it is the same in all directions. 

J)ef. — The anharmonic ratio of a pencil is the same as that 
of the four points in which any transversal cuts it. 

163. The anharmonic ratio of a pencil OA, OB, 00, OD 
is expressed by 0[ABCD]. 

Be/, — In the particular case where the anharmonic ratio of 
fo\ir points is equal to unity, the four points are said to form a 
Harmonic jRa/nge ; and if the range of four points in which any 
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transversal cuts the rays of a pencil be harmonic, the pencil is 
called a Harmonic Pencil, 

PEOP. 2. 

164. If/our points A B C D form a Harmonic Range, then 
the three straight lines AB, AC, AD are in Ha/rmonic Progression, 

For AB . CD=AD . BC 

/. AB; AD::BC : CD 
or AB : AD::AC-AB : AD-AC 

i.e. AB, AC, AD are in harmonic progression. 

PROP, 3. 

165. -4 pencil wiU he harmonic if a straight line drawn 
through any poi/rvt on one of its rays parallel to another, and 
terminated by the remaining two, is bisected aJt thai, point. 

For in the second figure of Art. 162 if 

-Rb^bT 
[abcd]s=il 

PROP. 4. 

166. The internal a/nd external bisectors of the angle be- 
tween two straight Unesform with them a harmonic pencU, 

For in Art. 162, if OB, OD be the internal and external 
bisectors of the angle AOC, then BOD is a right angle and 
R6T is perpendicular to 05 ; hence the triangles ObB, and 06T 
are equal ; therefore 'R^-=bT and the pencil is harmonic. 

PROP. 5. 

167* A' range ABCD wiU be harmonic if it is not altered 
by interchanging the places of A and CorofB and D. 

For if [ABCD]=[CBAD] 

then AB.CD: AD.BC::CB.AD :CD.BA 

::BC.AD :CD.AB 
AB8.CD2 : AD^BC^::! :1 
/, [ABCD] is harmonic. 



• • 
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PROP. 6. 
168* If ci, line AC he divided intemMly and extemaUy vn 
the points B cmd D so that [ABCD] is harmonic, then if O be 
the middle point of AC 

OB . 0D=0C2 
For AB . CD=AD . BC 

.-. AB: AD::BC : CD 

/. OC+OB : OC+OD::OC-OB : OD~OC 

/, OB :OC::OC : OD 

/. 0B.0D=0C2 

PROP. 7. 

169. ^ tv^o harmonic ranges have one point com/mon, the 
lines joining the other three pairs of corresponding points all 
pass through the same point. 

For in ^. 83, Art. 162, if any other transversal a'hc'd' 
be drawn through 5, 

then [ahcd]^[a'hc'd'] 

and it may easily be proved by reductio ad ahsurdum that the 
converse of this is true. Thus let oa', ^' intersect in O ; join 
Oc^' cutting ahc in k ; 

then [a'h'c'd']^[ahck'\ 

.•. [a6cA;]=[a6c(;?] 

•% ab , ck : ak . be :: ab . cd : ad . be 

/. ck : akiicd : ad 

That is, ac is divided harmonically in k and d, which is im- 
possible unless k lie between a and o, which it does not. 

PROP. 8. 

170. ff a straight line be drawn from a point cutting a 
circle y it shall be divided harmonically by the circle and the chord 
of contact of the point. 

Let X be the point, A'A the diameter which passes through 
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X, C the centre of the circle, XPP' the line, and LSL' the 
chord of contact cutting AA' in S. 

Fig. 75. 




and 



Then XLC is a right angle. 

CS.CX=CL2=CP2 
/. CS;CP:;CP:CX 

Hence the triangles SCP and PCX are similar. 
/. the angle SPC=the angle SXP 

CAP=CPA 

CAP=SXP+APX 
CPA=SPC+SPA 

APX=APS 
.-. SP :PX::SA : AX 

SF :P'X::SA : AX 
.'. SP :PX::SF : FX 

Hence SX hisects the external angle between P'S and PS 
produced, and since SL is perpendicular to SX it bisects the 
angle PSF. 

/. the pencil S[XP'LP] is harmonic [Art. 166]. 

As a particular case the range X ASA' is harmonic. 

171. I>^f* — If a series of pairs of points Xj, Sj, Ac., be 
taken such that 

C^i . Cfl?i = C«2 • Oa?3 = . . . = CA^ 



Again 

But 

[ 

Hence 
Similarly 
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they are said to form a system in Involution. The points A 
and A' are called the * foci/ and C is called the ' centre of In- 
volution.' Any pair of points X and S are said to be Con- 
jugate. 

PROP. 9. 

172. Having given two pair of conjtigate points , to find the 
centre and/od of Involution, 

Let S, X and S', X' be the two pairs. Through them de- 
scribe two circles cutting in E and F, and let FE meet the line 
XS in C. Then 

Fig. 76. 




CS . CX=OE . CP 

=08' . CX' 

Hence is the centre. If CL be the tangent to any one of 
these circles, 

CE.CF=CL» 

Hence the foci are found by taking CA and CA' equal to 
CL. 

Hence two pairs of points fuUy determine a system of points 
in involution. 

PROP. 10. 

173, If TP, TP' he a pair of tangents to a conic, and am,y 
straight li/ne TQQ' be drawn meeting the curve in Q amd Q' 
and the chord of contact in Y, it shall be harmonically divided. 
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Let the chords Q^, Q!q' parallel to PF' meet the tangents 
in R, r and R', r' respectively. 

Fig. 77. 




Then Qr =<^R 

Again QR : Q'R' :: TQ : TQ' 

also Qr : QV ::TQ : TQ' 

.-. QR . Ry : Q'R' . Wq' :: TQ2 : TQ'2 

But QR . R^ : Q'R' : R V : : RP^ : RT^ 

Hence TQ : TQ' : : VQ : VQ' Q.E.D. 

For further explanation of the use of anharmonic ratios the 
student is referred to Dr. Salmon's works, where the subject is 
fully treated. 
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CHAPTER IX. 



FOCAL PROJECTION, 



174* It has been shown in Chapter I. that if any point P 
of a conic whose focus is S be joined to a fixed point T, the 
line PT cutting the directrix of the conic in Z, and if TE be 
drawn parallel to SP meeting SZ in E, then the point E lies 
on a cii'cle called the Auxiliary Circle of the point T. [Fig. 5.] 



Definitions. 

If S and T be way fixed points, and ZX any fixed Hne, the 
point E is called the * Focal Projection ' of the point P. 

The fixed point S is called the * Focus of Projection/ and the 
fixed point T the * Auxiliary Point.' 

The fixed line ZX is called the ' Directrix of Projection.' 

If the focus and directrix of a conic be taken as those of 
projection, the conic will project into the auxiliary circle of the 
auxiliary point. 

FROT. 1. 



175. Th>e focal projection of a straight line is also a straight 



line. 



Fio. 78. 
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Let S be the focus of projection, T the auxiliary point, and 
«Y the directrix of projection. Let QY be the given line 
meeting the directrix in Y. Draw Tz parallel to QY meeting 
the directrix in z; through z draw zq parallel to SY, and 
through T draw Tq parallel to SQ meeting zq in q. Then q 
shall be the projection of Q. 

For from similar triangles SQY and qTz 

SY :qz::QY : Tz 

Hence if Sg and TQ intersect the directrix in K and K' 
respectively 

YK :K«::YK' :K'z 

Therefore Bq and TQ intersect the directrix in the same 
point, and therefore q is the ' projection of Q. Li the same 
way any other point on the line QY projects into a point on 
the line zq which is parallel to SY. Q.E.D. 

176. From this proportion we deduce the following : — 

1. If any number of lines pass through a point their pro- 

jections pass through a point — ^namely, the projection 
of the given point. 

2. If any number of points lie on a straight line, their pro- 

jections also lie on a straight line. 

3. The tangent to any curve projects into a tangent to the 

projection of the cur\*e, because the line joining two 
ultimately coincident points projects into a line joining 
their ultimately coincident projections. 

4. The focus projects into the auxiliary point, and any line 

through the focus into a line through the auxiliary 
point. 

5. Any point on the directrix projects into a point at an 

infinite distance. 

6. Hence also straight lines which intersect in the directrix 

project into parallel straight lines, and vice versa. 

7. Lines parallel to the directrix project into lines parallel 
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to the directrix, because in that case SY becomes 
parallel to the directrix. 

8. Any line QP subtends the same angle at S as its pro- 

jection qp subtends at T. 

9. From [8] it is evident that if ABCD be any four points 

on a straight line, and ahci their projections, 

{ABCD} = {ahcd} 

10. A line through S perpendicular to the directrix projects 

into a line through T also perpendicular to the 
directrix. 

PROP. 2. 

177. ^'^y ^w?o segments of a straight line parallel to the 
directrix of projection project in the same ratio. 

For let pn be the projection of PN, so that SP is parallel to 
T/> and S/? and TP intersect the directrix in the same point Z. 

Fig. 79. 




Then 



PN :pn::SN : Tn 



: SP : Tjo 

: SZ : Zj» 
: SX : Xw 
:NX :TX 



all of which ratios are constant for all points on the lines PN 
and pn. 

Hence PQ : jpg' in a constant ratio Q.E.D. 

178. We may notice that if the point X be chosen first, 
the ratio of PQ to pq may be made equal to any given ratio by 
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properly choosing the point T ; or if the point T be first chosen, 
the ratio of PQ to pq may be made anything we please by pro- 
perly choosing X. 

We shall now illustrate this method by a few examples. 

179. Bx, 1 . — ^Take the focus and directrix of a conic as 
those of projection, and take any auxiliary point T ; then the 
conic projects into a circle ; and since a pair of tangents to the 
circle subtend equal angles at T, therefore a pair of tangents to 
a conic subtend equal angles at S. 

180. Ex, 2. — IfV he any point on a conic and ABCD he 
four faced points on it, then shall P{ABCD} he constant. 

For project the conic into a circle by taking its focus and 
directrix as those of projection, and let small letters denote the 
projections of the capital letters. 

Fia. 80. Fig. 81. 

A 





Let Q1Q2Q3Q4 and qiq^^^^li ^ correspondiiig transversals. 
Then since in the circle the angles which stand on fixed arcs 
are constant, 

•'• {2\^22'i1i] is constant 

/. also {Q1Q2Q3Q4} is constant 

/. P {ABCD} is constant 

181. Ex, 3. — A conic always projects into a conic. 
For, taking any focus and directrix, if pahcd be the projection 
of PABCD, 

•'• {<?i<?2<?39'4} =constant 

/. j»{5'ig'29'39'4}=co^*^* 
Hence the locus of j» is a conic. 
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182. Ex. 4. — The angle between two straight limea ean be 
projected into any ginen angle. 

For if the lines meet the directrix in Y, Y' the lines prqject 
into lines parallel to SY and SY', and the angle YSY' can be 
made any angle we please. 

Cor. — In general it is possible to project any two angles 
simultaneously into given angles. 

183. -^*' 5' — -^Mj conic can be projected into a circle, and 
any line wkieli does not cut it to infinity, sirmiitaneou»ly. 



Fio. 82. 



Fio. 83. 




Let EF be the given line. Let A' AT be the diameter con- 
jugate to it, meeting it in Y. Then, by Prop. 2, the middle 
points of a series of chords parallel to EF project into the 
middle points of another series of chords in the projected conic, 
also parallel to JBJf, 'Diat is, the diameter AA' projects into a 
diameter aa'. Take any point 8 on a line through Y perpen- 
dicular to E!F as focus of projection ; then aa' will be parallel 
to SY or perpendicular to EF. Hence the diameter aa' cuts 
its ordinatfis at right angles ; that is, it is an axis of the conic 
Nest, if P be any point on the conic, and PA, A'P meet EF 
in the points E, F, and if 8 be so taken that E8F is a right 
angle, the angle APA' will project into a right angle apa', and. 
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the conic will therefore be projected into a circle, while the line 
EF is also projected to infinity. 

184* Cor. 1. — If any other point q on the circle be the projec- 
tion of Q on the conic, we notice that since the angle aqa' is a 
right angle, therefore if QA and A'Q meet the line EF in G and 
K, the line GH must also subtend a right angle at the same 
point S. Hence also the rectangle EY . FY is constant for all 
positions of the point P and equal to SY^. 

, Cor, 2. — ^If EA' cut the conic in Q, then QA produced 
must also pass through F. 

185. EX' 6. — If a chord of a conic pass through a fixed 
point, the tangents at its extremities will intersect on a fixed 
line. 

First, let be the fixed point inside, OQQ' and OPP' any 
two chords through 0. Let the tangents at Q, Q' and P, P' in- 
tersect in F and E respectively. Take EF as directrix of pro- 
jection, and project the conic into a circle. Then clearly PP' 
and QQ' project into diameters, and therefore O projects into 
the centre of the circle. And since the tangents at the ex- 
tremities of any diameter of a circle are parallel, therefore 
those at the extremities of any chord through intersect in 
the directrix EF. 

Next draw a line through E meeting the conic in RR'. Then 
RR' projects into a chord rr' of the circle parallel to the tan- 
gents at p and p' ; and since the tangents at r, r' intersect on 
op, therefore those at R, R' intersect on OP. Hence the theorem 
is proved both for an external and internal point. 

Def. — The locus of the intersection of tangents whose chords 
of contact pass through a fixed point is called the * Polar ' of 
that point, and the fixed point is called the ' Pole ' of the line. 

186. ^X' 7. — If a chord of a conic subtend a right angle 
at a fixed poi/nt S on the conic, it always parses through a fixed 
point, which lies on the normal a>t S. 

. Let PP' and QQ' be any two chords which subtend right 
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angles at S. Let them intersect in O. Take S for focus of 
projection and the polar of for directrix. 

Fig. 84. Fio. 86. 

Q P 





Then PP' and QQ' project into diameters p'p^ and qq\ and, 
smce the angles jt^Ty and (fYq' are right angles, the three 
diameters o/?, oq^ oT are all equal ; hence the conic projects into 
a circle ; and since every diameter of the circle subtends a right 
angle at T, therefore every chord of the conic through sub- 
tends a right angle at S. Again, since oT is perpendicular to 
the tangent at T, therefore OS is perpendicular to the tangent 
at S ; that is, OS is normal. 

Cor, — Hence any conic can be projected into a circle by 
taking a point on its circumference as focus of projection, and 
the tangent and normal at that point project into tangent and 
normal. 
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CHAPTER X. 
ORTHOGONAL PROJECTION. 



Definition. 

187. 1^ perpendiculars be let fall from every point of any 
figure upon a given plane, the locus of their feet is called the 
* Orthogonal Projection * of that figure upon the given plane. 

The given plane is called the Plane of Projection, 

PROP. 1. 

188* ^?^ projection of a straight line is a straight line. 

For if a plane be drawn through the given straight line at 
right angles to the plane of projection, the line of intersection 
of these two planes is the projection of the given line. 

The projection of a system of parallel straight lines is a 
system of parallel straight lines, for they are the lines of inter- 
section of the plane of projection with a set of parallel planes. 

PROP, 2. 

189. If ct set of parallel finite straight lines be projected on 

any plane, the projections are in a constant ratio to the original 

lines. 

Fig. 86. Fig. 87. 

B D 
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Let AB, CD be a pair of parallel straight lines, A'B', CD' 
their projections. Draw AE, CF parallel to the projections. 

AA'B'E, CC'D'F are parallelograms, and AE=A'B' and CF 
=C'D'. 

But AE is parallel to CF and BE to DF. 

Hence the triangles ABE, CDF are similar 

and AE:AB::CF:CD 

/. A'B' : AB::C'D': CD 

i.e, the ratio of the projected line to the original is constant. 

190. Oor, 1. — Jf a point P cut a fnite straight line AB 
in a given ratio, the projection VofV cuts the projection A'B' 
oj AB in the sa/me ratio. 

Fig. 88. 

B 



A' P' 



B' 



For from our last proposition we have 

AT' : AP::FB' : PB 
and .-. AT' : FB' :: AP : PB Q.E.D. 

191. Cor, 2. — If P be the middle point of AB, then P' will 
he the middle point of A'B'. 

192. Cor, 3. — It is evident that by properly choosing the 
plane of projection a line AB can be shortened in any ratio ; 
for if we have only to describe a semicircle on AB and place in 
it a line AE of the length required, then if we take the plane 
of projection parallel to AE the projection A'B' will be equal 
to AE. 

193. Cor, 4. — If the plane of projection be taken parallel 
to any line AB, then the projection A'B' is equal to AB. 
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PROP. 3. 

194* The projection of an ellipse is an ellipse. 

Let ABA' be the given ellipse, aba* its orthogonal projec- 



tion. 




Fig. 90. 




The centre c projects into the middle point of aa' by Prop. 
2, Cor. 2. 

The middle points N and C of an ordinate PP' and of the 
axis BB' project into the middle points of two parallel lines 
pp' and bh' by Props. 1 and 2. 



Again 



PN : BC ::pn : be 
AN : AC ::an : a>c 
A'N : AC:: a'n 



ac 



Hence 



pn^ : an . a'n : bc^ ; ac^ 



Therefore apa' is an ellipse. 



Q.E.D. 



195* Cor. — An ellipse can be projected into a circle by pro- 
perly choosing the plane of projection. For describe a semi- 
circle on AC in a plane perpendicular to the plane of the 
ellipse, and place in it a line CE equal to CB ; then if we tsijse 
a plane parallel to BEB' as plane of projection, the line AC 
will project into a line equal to CE or CB, while the length of 
GB remains unchanged. Conversely, in the same manner as 
in Prop. 3, the projection of a circle is an ellipse. 
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PROp. 4. 

196* The projection of a parabola is a parahola. 

For all the ordinates (being parallel lines) project in the 
same ratio, so also do all the abscissae. But in the original 
curve the square of the ordinate varies as the abscissa, whence 
this relation holds also in the projected curve, which is there- 
fore a parabola. 

197. Also, by a proof similar to that given for an ellipse, 
any hyperbola may be projected into an hyperbola, with its 
axes in any given ratio, and, aa a special case,, into a rectangu- 
lar hyperbola. 

198* A diameter of a circle bisects all chords at right an- 
gles to it, and projects into a straight line in an ellipse which 
passes through the middle points of a system of parallel chords. 
Such a line is called a diameter of the ellipse. 

199* Diameters at right angles in a circle project into con- 
jugate diameters in an ellipse, for each is the locus of middle 
points of chords parallel to the other. Also the converse is true, 
that if an ellipse be projected into a circle each pair of conju- 
gate diameters project into a pair of diameters at right angles 
to each other. 

200* The projection of the tangent to any curve is a tangent 
to the projection of the curve; for two ultimately coincident 
points, and the line joining them, project into two ultimately 
coincident points and the line joining these projected points. 

201. Most propositions in the ellipse which depend on the 
lengths of a set of parallel lines may be easily proved by Ortho- 
gonal Projection. For example, in a circle it is clear that the 
relation CV . CT=CP2 holds. Therefore it also holds in the 
ellipse, for all the lines project in the same ratio. 
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EXAMPLES. 

PABABOZA. 

1. Prove that the tangent at the extremity of the latus 
rectum of a parabola passes through the foot of the directrix. 

2. Prove that SM bisects the angle PSX. 

3. By means of the last example prove that if PSP' be a 
focal chord, and PM, P'M' the perpendicular upon the direc- 
trix, the angle MSM' is a right angle. 

4. By means of the last example prove that if PSP' be a 
focal chord of a parabola, and PN, P'N' the ordinates at its 
extremities, • 

PN . FN'=4AS2 

5. By means of Ihe last example prove that if PSP' be a 
focal chord of a parabola, and PN, P'N' the ordinates^ 

AN.AN'=AS2 

6. If PSP' be any focal chord in a parabola, V its middle 
point, and VN the perpendicular upon the directrix, then 

PF=2VN 

7. If PP' be any chord of a parabola, VN the perpendicular 
from its middle point upon the axis, then 

SP + SP'=2VN 

8. If PNP' be a double ordinate of a parabola, and the 
circle round APP' cut the axis in the point G, prove that NG 
is equal to the latus rectum. 

9. If the tangents at two points P and P' of a parabola 
meet the axis in T and T', and PN and P'N' be the ordinates, 
prove that 

TT'=NN' 
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10. If the tangents and normals at any two points of a para- 
bola meet the axis in the points T, T' and G, G' respectively, 
prove that 

GG'=TT' 

11. If the tangents at the extremities of a focal chord meet 
the tangent at the vertex in the points Y and Y', prove that 
YSY' is a right angle. 

12. If the tangent at a point P meet the tangent at the ver- 
tex in the point Y, and if the diameter through Y meet SP in 
the point Q, prove that 

SQ=QY 

13. If QQ' be any chord of a parabola, and SZ be drawn 
perpendicular to it meeting the directrix in Z, then the line 
joining Z to the middle of QQ' shall be parallel to the axis. 

14. If PSP' be a focal chord, prove that PX and P'X are 
equally inclined to the axis. 

15. If PSP' be a focal chord of a parabola, and PN, T'W 
be the ordinates to the axis, prove that 

. AN . AN'=AS2 

16. If the directrix of a parabola be given, and one point 
on the curve, prove that the locus of the focus is a circle. 

17. If SK be the perpendicular from the focus to the nor- 
mal at P, 

SK2=AN . SP 

18. If perpendiculars be let fall from the focus of a para- 
bola upon any three tangents, the feet of these perpendiculars 
lie in one straight line. 

19. If a pair of tangents to a parabola meet the directrix 
in Z and Z', prove that the angle ZSZ' is double of the angle 
between the tangents. 

20. If a pair of tangents to a parabola meet the tangent 
at the vertex in the points Y and Y', the angle YSY' shall be 
equal to the angle between the tangents. 
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21. Iff in the last example, peqiendieiilaTS be drawn firom T 
and Y' to the tangents thiongh T' and Y respectiTelyy these 
win intersect on the directrix. 

22. QQ' is a chord of a parabola, BH' the tangent parallel 
to it meeting thoee at Q, Q" in K and K'. Throng R and R' 
lines are drawn parallel to the axis meeting the curve in W and 
W^ FioYethat 

RW=R'W' 



23. K P be apoint on a parabola, and PA meet the 
trix in E, and EP' be drawn parallel to the axis meeting PS 
prodnoed in P, prove that P^ lies on the parabola. 

24. J£ PSF be afocal chord, and PM,FM' the perpendicn- 
lars upon the directrix, then the lines SM and SM' are parallel 
to the tangents at P' and P respectively. 

25. K the tangent at anj point P of a parabola meet the 
directrix in Z, and PM be the perpendicnlar upon the directrix, 
prove that the circle round the triangle PMZ passes through 
the focus. 

26. If the normal at a point P meet the axis in G, and 
PN be the ordinate, show that the triangle PNG is equal to 
the triangle SPX. 

27. If the tangent at P meet the tangent at the vertex in 
the point Y, then a line drawn through Y parallel to the axis 
wiUbiKectSP. 

28. If the normal at a point P of a parabola meet the axis 
in G, and a line.be drawn through G equal to PG and perpen- 
dicular to the axis, its extremity will always lie on a parabola. 

29. If the tangents at the extremities of a focal chord cut 
the latus rectum in D and jy, then 

SD=SD' 

30. If the tangents from a point Q to a parabola meet the 
tangent at the vertex in the points Y and Y', prove that the 
angle YSY' is equal to the angle YQY'. 
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31. If TP and TP' be a pair of tangents to a parabola, 
prove that 

TP2:TP'»::SP:SP 

32. The circle on any focal chord as diameter touches the 
directrix. 

33. If two parabolas have the same vertex and axis, and 
PQN be an ordinate cutting them in P and Q, prove that the 
ratio of PN to QN is constant. 

34. In the last example prove that the tangents at P and Q 
meet the axis in the same point. 

35. If, in the last example, the normals at P and Q meet 
the axis in G and G', prove that the length of GG' is constant. 

36. If two equal parabolas have the same axis, prove that 
any chord of the outer parabola which touches the inner para- 
bola is bisected by it. 

37. Given the focus, a point on the curve, and the direction 
of the axis, draw the tangent and normal to the parabola. 

38. Given the vertex, the axis, and a point on the curve, 
draw the tangent to the parabola. 

39. The tangent at P meets the tangent at the vertex in Y. 
Prove that a circle with centre Y can be described to touch the 
axis, the focal radius SP, and the perpendicular from P upon 
the directrix. 

40. If TP, TQ be a pair of tangents, prove that a circle 
with centre T can be described to touch SP, SQ and the per- 
pendiculars from P and Q upon the directrix. 

41. If any two tangents meet a third tangent in It and R', 
prove that the angle between these tangents is equal to the 
angle which RR' subtends at the focus. 

42. If PP' be any chord of a parabola, and OSY be drawn 
perpendicular to ifc, meeting the directrix in 0, and if PM be 
the perpendicular upon the directrix, prove that 

OY2-SY2=OM2 
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43. If SY, the perpendicular upon the tangent at a point P 
of a parabola, cut the cursre in Q, and SY' be the perpendicular 
upon the tangent at Q, prove that SY'^=SM . SY, where QM 
is the ordinate of the point Q. 

44. Describe a parabola touching a given straight line at a 
given point and having a given focus. 

45. Having given the focus and two tangents to a parabola, 
construct the curve. 

46. Having given four tangents to a parabola, show how to 
find its focus and directrix. 

47. Having given a parabola traced on paper, show how to 
find its focus and directrix. 

48. Describe a parabola touching thi^ee given lines, and hav- 
ing its focus in another line. 

49. A circle is drawn on the latus rectum of a parabola as 
diameter, and any chord QPN is drawn parallel to the axis 
meeting the circle in Q and the latus rectum in N. Prove that 

QN2=4AS.PN 

50. From S, the focus of a parabola, a line is drawn paral- 
lel to the tangent at a point P, meeting the curve in Q ; the 
diameter through P meets SQ in E. Show that the locus of E 
is a parabola. 

51. Given in a parabola that PN2=4AS . AN, prove that 

SP=NX 

52. If the focal radii of a parabola be bisected, all the points 
of section lie on a parabola. 

53. If the focal radii of a parabola be divided in a constant 
ratio, the point-s of section lie on a parabola. 

54. If all the lines drawn from the vertex of a parabola to 
points on the curve be divided in a constant ratio, the points 
of section lie on another parabola. 

55. If two parabolas have a common vertex and axis, and 
any line be drawn through the vertex cutting them in P and 
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Q, prove that the ratio of AP to A Q is the same for all such 
lines. 

56. Prove that the tangents at the points P and Q in t£e 
last example are parallel. 

57. Two paraholas have a common focus and axis; their 
vertices are A and A'. SPP' is drawn cutting the curves in P 
and P'. Prove that AP is parallel to AP'. 

58. Prove that in the last example the tangents at P and P' 
are parallel. 

59. If T be any point on the double ordinate PP' of a para- 
bola, and the latus rectum cut the auxiliary circle of the point 
T in E and E', prove that 

TP . TP'=SE . SE' 

60. If the tangent and normal at a point P of a parabola 
meet the directrix in Z and K, prove that 

PZ2 :PK2::AS: AN 

61. The foci and vertices of two parabolas are S, S' and A, 
A'. Any two chords AP and A'P' are drawn making equal 
angles with the respective axes. Prove that SAT and S'A'P' 
are similar triangles. 

62. Two parabolas have a common vertex, and have their 
axes at right angles. If from any point R in their chord of 
intersection the ordinates RPN and RQM be drawn to their 
axes respectively, prove that 

RP:PN::RQ : QM 

63. If a circle be described touching the tangent at the 
vertex of a parabola and having its centre on the axis, prove 
that it will not cut the parabola if its diameter is less than the 
latus rectum. 

64. If V be any point on the perpendicular MP from a 
point P of a parabola upon the directrix, prove that if MS 
meet the auxiliary circle of the point V in E 

SP.PV :SE.SM::SP2 : SM^ 
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or, in other words, is the same for every paint Y on the line 
MP. 

65. If the normal at a point P meet the axis in G, and 
QM be the perpendicular from the middle point of PG upon 
the axis, prove that 

QM2=AS . SM 

66. The tangent at a point P of a parabola meets the tan- 
gent at the vertex in the point Y, and the diameter through Y 
meets SP in Q. Prove that the locus of Q is a parabola. 

67. If PSP' be a focal chord, and the tangents at P and P' 
meet the latus rectum in D and D', prove that 

SP . SF=SD . SD' 

68. If PSP' be a focal chord of a parabola, and PN, P'N' 
the ordinates, prove that 

SF:SP::AS:AN 

and SP :SF::AS : AN' 

69. Prom the last example prove that if SP be double of 
SF the ordinate of P' wiU bisect AS. 

70. If the tangent at P meet the directrix in Z, and PN be 
the ordinate, prove that 

SZ2 :SP2::AS : AN 

71. If the tangent and normal at a point P meet the axis 
in T and G, and GR be drawn perpendicular to the normal to 
meet PS produced in R, prove that PTRG is a rectangle. 

72. If QQ' be a chord of a parabola, and the tangent paral- 
lel to it meet the tangents at Q and Q' in the points R and R', 
and if these tangents intersect in T, prove that the triangle 
TQQ'=4TRR'. 

73. The tangents drawn to a parabola from any point make 
equal angles respectively with the axis and focal radius drawn 
to that point. 

74. If QYQ' be a double ordinate to a diameter PY of a 
parabola, and the tangent at P meet the tangent at the vertex 
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in the point Y, and if QD be drawn perpendicular to PV, 
prove that QYD and SAY are similar triangles. 

75. From the last example prove that 

QD2 :QY2::AS:SP 

76. From the last example prove that 

QD2 = 4AS . PY 

77. If fix)m any point in the latus rectum of a parabola a 
pair of tangents be drawn meeting the curve in P and Q, prove 
that the semi-latus rectum is a harmonic mean between SP and 
SQ. 

78. PQ is a focal chord of a parabola meeting the ^lirectrix 

in Z ; QM, PN are the ordinates. If ZM meet PN produced 

in R, prove that 

RP=PN 

79. If AP, AQ be two chords drawn from the vertex of a 
parabola at right angles to one another, and PN, QM be ordi- 
nates, prove that 

PN . QM=AN . AM=16AS2 
and that the chord PQ passes through a fixed point. 

80. If a circle cut a paiubola in the points P, Q, P', Q', 
show that the six chords joining these points are two and two 
equally inclined to the axis. 

81. By means of the last example show that if a circle cut 
a parabola in P', Q', and touch the parabola in P, then PQ' and 
PP' are equally inclined to the axis. 

82. If from any point P of a parabola perpendiculars PN, 
PM be drawn on the axis and tangent at the vertex, show that 
the line MN always touches another parabola. 

83. KL is any line perpendicular to the axis of a parabola, 
and from any point P on it a tangent PQ is drawn to the para- 
bola, and a line PT making the same angle with PQ as PQ 
makes with KL. Show that PT envelopes a circle. 

84. If two tangents to a parabola meet in T, and S be the 
focus, and from any point in ST perpendicular be drawn to the 
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tangents, the line joining the feet of these perpendiculars is 
parallel to the directrix. 

85. If three parabolas he described touching the sides of a 
triangle, the triangle formed by joining their foci is greatest 
when it is equilateral. 

86. If QQ' be any chord of a parabola meeting the ajds in 
T, and FN be drawn from its middle point perpendicular to the 
axis, prove that 

PN: 2AS::TN :PN 

87. By means of the last example prove that the locus of 
the middle points of a system of parallel straight lines is a 
straight line parallel to the axis. 

88. A chord PP' of a parabola is normal to the parabola at 
P, and PSP' is a right angle. Prove that SP' is double of 'SP. 

89. If two parabolas have the same vertex and axis, and 
any two lines AQP and AQ'P' be drawn through the vertex 
cutting them in the points Q, P and Q', P', prove that QQ' 
and PP' subtend equal angles at the foci. 

90. If TP and TQ be the tangents at the extremities of a 
chord TQ which ia normal at P, and PN be the ordinate to the 
axis, prove that 

PQ :PT::PN : AN 

91. Prove that the intersection of tangents to a parabola 
which cut at a given angles He on a hyperbola having the same 
focus and directrix. 

« 

92. Prove that chords of a parabola which subtend a given 
angle at the focus all touch an ellipse having the same focus 
and directrix. 

93. GK is drawn from the foot of the normal PG at a point 
P of a parabola perpendicular to SP cutting the circle on SP 
as diameter in L ; LS produced meets tangent at P in the point 
O. Show that the ratio of OS to OP is constant. 

94. If QV, Q'V be ordinates to a diameter PW , and the 
chord QQ' meet this diameter in T, and if ^v be drawn parallel 
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to the ordinates from the middle point of QQ' to meet the dia- 
meter in V, prove that 

95. If PSP' be a focal chord of a parabola and Q its middle 

point, and QM be the perpendicular to the axis, then SQ shall 

be equal to MN and 

QM2=2AS . AM 

96. If POQ, P'OQ' be any two chords of a parabola, pq and 
p'q' the focal chords parallel to them, prove that 

OP . OQ : OF . OQ' ::pq : p'q' 

97. If PP' be a chord of a parabola which meets the direc- 
trix in Z, and if the tangents at P and P' intersect one another 
in T, prove that ZST is a right angle. 

98. E and P are two fixed points on a parabola, P any other 
point on it. If PE and PP meet the directrix in Z and Z', 
prove that the angle ZSZ' is constant. 

99. If PSQ be a focal chord of a parabola, AP' a parallel 
chord through the vertex A meeting the latus rectum in Q', 
show that AF . AQ'=PS . SQ ; and if PM, QM be drawn per- 
pendicular to the axis, show that AP'=MN and SM'^SN=the 
abscissa of P'. 

100. A point V is taken on an ordinate PM produced of a 
parabola, and ME is taken on MP a mean proportional between 
MP and MV. If the diameters through E and Y meet the 
curve in It and Q, prove that PQ meets the axis in the foot of 
the ordinate of R. 

101. If a tangent PQ to a parabola cut two tangents OA, 
OB in P and Q, prove that 

OP .0Q_, 

oa"^ob"" 

102. ABO is an equilateral triangle. Two pambolas are 
described, one touching AB, AC in B and C respectively, and 
the other touching BC, BA in C and A respectively. Show that 
the parabolas have a common focus, and if they cut in D the 
tangent at D to either is parallel to the axis of the other. 

1 2 
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103. Given four tangents to a parabola, oonstmct it ; and 
prove that the distances of the focus from the four angular 
points of the quadrilateral formed by the tangents form a pro- 
portion* 

104. If PQ be a focal chord of a parabola and B. any point 
on the diameter through Q, show that the focal chord parallel 
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EXAMPLES. 
ELLIPSE, 

1. Prove that the tangent at the extremity of the latus 
rectum of an ellipse passes through the foot of the directrix.- 

2. If P be any point on an ellipse whose axis is AA', and if 
AT produced meet the directrix in the point P, prove that SF 
bisects the angle PSX. 

3. If in the last example PA produced meet the directrix 
in E, prove that FSE is a right angle. 

4. If in the last example A'E meet the ellipse in p, prove 
that PS/? and FAjp are straight lines. 

5. If PS/) be a focal chord, and PN, pn the ordinates to the 
axis of the ellipse, pi'ove that 

. PN . jtm : AN . An:: SX^ : AX^ 

and PN . jtm : A'N . A'n : : SX^ : A'X^ 

6. If PNP' be a double ordinate of an ellipse, and the, cii*cle 
round the triangle PA'P' cut the axis in the point G, prove 
that the ratio of NG to AN is constant. 

7. If the tangents at two points P and P' meet the axis in 
T and T', and PN, P'N' be the ordinates, prove that 

TT'2 : NN'2 :: CT . CT' : ON . ON' 

8. If the normal at a point P of an ellipse meet the axis in 
G, and PN be the ordinate, prove that 

CG:CN::CS2 : CA^ 

9. In the last example prove that 

CG:CS::CN : CX 
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10. By means of the last example prove that CP, and SY 
the perpendicular upon the tangent at P, intersect on the 
directrix. 

11. Prove that the circles round the triangles SPN and 
XPG intersect on the central radius CP. 

12. A triangle ABO is inscribed in an ellipse so that the 
tangents at the angular points are parallel to the opposite sides. 
Prove that the normals at A, B, and meet in a point. 

1?. In the last example prove that the line joining any 
angular point to the intersection of tangents at the other two 
passes through the centre, and the portion on any tangent 
intercepted by the other two tangents is bisected at the curve. 

14. If the tangents at the extremities of a focal chord meet 
the tangent at the vertex in Y and Y', prove that YSY' is a 
right angle. 

15. If P be any point on an ellipse, and PA produced meet 
the directrix in the point E, prove that the tangent at P meets 
the tangent at A' on the line ES produced. 

16. By means of the last example prove that the tangents 
at the extremities of any focal chord form with the tangents at 
the extremities of the axis a quadrilateral whose diagonals 
intersect at right angles in the focus. 

17. Prove that if the tangents at the extremities of a focal 
chord intersect the tangent at A' in the points Z and Z', then 

A'Z . A'Z'=A'S2 

18. If the tangent at a point P meet the tangent at the 
vertex A in Y, prove that SY and A'P meet on the directrix. 

19. If the tangents at the extremities of a focal chord meet 
the axis in T and t, prove that 

AT.At: A'T . A'< :: AS2 : A'S^ 

20. If the tangent at P meet the tangents at the vertices in 
Y and Z, prove that CY is parallel to AT and CZ to AP. 

21. If AT meet the tangent at the vertex in R, prove 
that the tangent at P bisects AR. 
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22. From the last example show how to draw the tangent 
at a point P when the axis AA' is given. 

23. If the tangent at P meet the tangent at the vertex 
in Y, and the diameter through Y meet SP in Q, prove that 
the ratio of SQ to SP is constant. 

24. In the last example prove that the locus of Q is an 
ellipse. 

25. If the tangent at P meet the tangents at A and A' in 
Y and Z, and PN be the ordinate, prove that 

PN : A'N::AY : AC 
and PN : AN ::A'Z : AC 

26. From the last example prove that 

AY.A'Z=BC2 

27. If PjE? be a focal chord, and the tangents at P and jo 
meet the tangent at the vertex A in Y and Y , prove that YY' 
subtends the same angle at the centre as Vp subtends at A'. 

28. If the tangent at P meet the tangents at A and A' in 
the poihts Y and Z, prove that the locus of the intersection of 
CY and SZ is an ellipse whose axis is CS. 

29. If the ordinate PM to the conjugate axis meet the 
circle on the conjugate axis as diameter in Q, prove that 

QM :PM::BC : AC 

30. If the ordinate NP meet the circle on the transverse 
axis in Q, and PG be drawn parallel to CQ meeting the axis 
in G, prove that PG=BC. 

31. If the ordinate PN at any point P of an ellipse be pro- 
duced to meet the circle round the triangle APA' in Q, prove 
that the locus of Q is an ellipse. 

32. Show how to find the centre of a given ellipse. 

33. If any parallelogram circumscribe an ellipse the dia- 
gonals ai'e conjugate diameters. 

34. If any ordinate MP be produced to meet the tangent at 
the extremity of the latus rectum in Q, prove that QM=SP. 
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35. Prove that the transverse axis is the greatest chord 
which can be drawn in an ellipse. 

36. If Q be a point outside an ellipse, prove that 
SQ+S'Q>AA', and if Q be inside SQ+S'Q<AA' 

37. Find where the angle SPS' is a maximum. 

38. Given one focus of an ellipse, and a point on the curve, 
and the length of transverse axis, prove that the locus of the 
other focus is a circle. 

39. Show that the circle described on any focal radius as 
diameter touches the circle on the transverse axis. 

40. If Q, Q' be any two points on an ellipse, P any other 
point on it, and if QP, Q'P meet the directrix in q, q , prove 
that the angle QSQ'=2^S^'. 

41. Find the locus of the centre of a circle which touches 
internally one fixed circle and another externally. 

42. The radii from the focus to the ends of a diameter make 
equal angles with the tangents at those points. 

43. If CD be the semidiameter conjugate to CP, and DQ 
be drawn parallel to SP and CQ perpendicular to DQ, then 
CQ=BC. 

44. If CY, AZ be the perpendiculars fiom the centre and 
extremity of axis on tangent to an ellipse at any point P, and 
N the foot of the ordinate, then CA . AZ=NA . CY. 

45. TYLZ is a tangent at L, the extremity of the latus 
rectum meeting the axis in T and the circle on AA' in Y and 
Z. Prove that YL : YZ : : semi-latus rectum : trans, axis. 

46. The loci of the centres of the escribed circles of the 
triangle SPS' opposite to the angles S and S' are the tangents 
at the vertices. 

47. Prove that the product of the radii of the circles in the 
last example is equal to BC^. 

48. The locus of the centre of the escribed circle of the tri- 
angle SPS' which is opposite to P is an ellipse having SS' for 
its minor axis. 
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49. If the tangent at a point P meet the axes in T and t 
such that CT=C^, prove that 

PT:P<::BC2 : AC^ 

50. If the tangent at a point P of an ellipse be parallel to 
AB, and PN, PM be ordinates to the axes, prove that MN is 
parallel to AB. 

51. In an ellipse a circle is described on NT as diameter. 
Show that it cuts the circle on AA' as diameter orthogonally. 

52. A circle cannot intersect an ellipse in more than four 
points. 

53. A and A' are the extremities of the transverse axis of 
an elHpse ; T is the point where the tangent at P meets the axis ; 
through T a straight line is drawn at right angles to AA' meet- 
ing AP and AT produced at Q and R. Prove that QT=RT. 

54. If the tangents at A and B intersect in O, and POP' be 
the diameter which passes through 0, prove that OP . OP'=CP^. 

55. An ellipse cuts the sides of a triangle ABC in the 
points 1, 2, 3, 4, 5, 6. Prove that 

Bl . B2 . C3 . C4 . A5 . A6=B6 . B5 . C2 . CI . A4 . A3 

56. The diagonals of any parallelogram which circumscribes 
an ellipse pass through the centre. 

57. ABDE is any quadrilateral circumscribing an ellipse. If 
CA, CB, CD, CE meet the chords of contact in A', B', C, E' 
respectively, A'B'D'E' will always be a parallelogram. 

58. If TQ, TQ' be a pair of tangents drawn from T to an 
ellipse, prove that TQQ' and CPP' are similar triangles, CP and 
CP' being the semidiameters parallel to the tangents. 

59. If the tangents at Q and Q' meet the tangent parallel 
to QQ' in II and R', and CR, CR' meet the ellipse in L and L', 
prove that JAJ is parallel to QQ'. 

60. If the ordinate PN meet the diameter conjugate to CP 
in tkf prove that PN . Pw=BC*. 
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61. In the last example if ti^ be drawn perpendicular to 
OP and meeting the axis in G, then PG is the normal at P. 

62. CP and CD are conjugate semidiameters ; PQ is a 
chord parallel to one of the axes. Show that DQ is parallel to 
one of the straight lines which join the ends of the axes. 

63. If the ordinate NP of an ellipse produced meet the 
circle on A A^ as diameter in Q, prove that 

SQ ;QX::SA: AX 

64. Haying given in an ellipse that 

PN« : AN.A'N::BC2: AC2 
deduce by means of the last example that 

SP:PM::SA:AX 

65. If SY, S'Y' be the perpendiculars from the fod on the 
tangent at P, and PN be the ordinate, prove that 

PY:PY'::NY : NY' 

66. An isosceles triangle is described having each angle at 
the base double of the third angle ; with vertex and one extre- 
mity of the base as foci an ellipse is described passing through 
the other extremity. Prove that 

AX=SL (the semi-latus rectum) 

67. If CR, SY, B'Y' be perpendiculars upon the tangent to 
an ellipse at a point P such that 011= OS, show that R lies on 
the tangent at B, that the perpendicular from R on SS' will 
divide it into two parts equal to SY and S'Y', and that 

SP:ST::SR2 : SH^ 

68. If QQ' be a chord of an ellipse, and SZ be drawn per- 
pendicular to it to meet the directrix in Z, then CZ will bisect 

QQ'. 

69. If PSP' be a focal chord, prove that 

SP: SF::PX : FX 

70. If the directrix of an ellipse, one point on the curve, 
and its eccentricity be given, the locus of one focus is a circle. 
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71. If SK and S'K' be the perpendiculars from the foci 
upon the normal at the point P, prove that 

SK.S'K'=CA«-CP2 
and PK.PK'=BC2 

72. The perpendicular from S upon the tangent at a point 
P of an ellipse meets ST in the point Q. Prove that the locus 
of Q is a circle. 

73. If OP, OP' be a pair of tangents to an ellipse, and a 
confocal ellipse be described passing through the point O, prove 
that the tangent to it bisects the angle between OP and OP'. 

74. A pair of tangents to an ellipse cut off a constant arc 
yY from the circle on the transverse axis. Prove that the ortho- 
centre of the triangle which the chord yY forms with the tan- 
gents describes a circle. 

75. If P be a point on an ellipse, and PA meet the direc- 
trix in E, and if EA' be joined meeting PS produced in p, 
prove that p lies on the ellipse. 

76. If TP, TP' be a pair of tangents to an ellipse, and Qe^, 
Q!q' the focal chords parallel to them, prove that 

TP : TQ::Q^ : QY 

77. If any chord AQ meet the conjugate axis in R, and CP 
be the semidiameter parallel to it, prove that 

AQ.AR=2CP2 

78. If CQ be conjugate to the normal at P on an ellipse, 
then CP shall be conjugate to the normal at Q. 

79. The normal to an ellipse at a point P meets the axis in 
G, and through G a line is drawn parallel to the tangent meet- 
ing SP in K. Prove that PK is a harmonic mean to SP and 
ST. 

80. K tangents be drawn from any point on an ellipse to 
touch a confocal ellipse, they are equally inclined to the tangent 
at that point. 

81. If perpendiculars be drawn from the centre of an 
ellipse on two tangents at right angles to each other, prove that 
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the aemidiameters equal in length to thefie peipendiciilan are 
conjugate^ and that the ordinates to the transverse axis 
through their extremities meet the perpendicnlais on the circle 
on AA'. 

82. If the normal at the extremity of the latns rectnm 
pass through the extremity of the conjugate axis, find the eccen- 
tricity. 

83. If SY, ST' be the perpendicnlais on the tangent at P, 
then SY' and S'Y will intersect on the normal at P. 

84. If SY, ST' be the perpendicnlais on the tangent at P, 
and if the normal at P meet the axis in G, then SY' or S Y 
will bisect PG. 

85. From any point P on an ellipse PM, PN are drawn 
perpendicular to the eqniconjngate diameters. Show that the 
nonnal at P bisects MN. 

86. The straight line parallel to the transrerse axis^ which 
passes through the intersection of normals at the end of a focal 
chord bisects that chord. 

87. If CP, CQ be semidiameters of an ellipse at right angles 
to one another, 



CP2 CQ2 AC2 BC2 

88. If the tangent and normal at a point P of an ellipse 
meet the axis in T and G, prove that 

CG . CT=CS2 

89« POP' is any diameter of an ellipse. The tangents at 
any two points D and E intersect in F ; PE and P'D intersect 
in G. Show that FG is paraUel to the diameter conjugate to 
PCF. 

90. Any focal chord is divided harmonically at the focus 
and directrix. 

91. OP and CD are any conjugate semidiameters of an 
ellipse ; PQ is a chord parallel to a fixed straight line. Show 
that DQ will also be parallel to a fixed straight line. 
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92. A pair of conjugate diameters being given, show how to 
find the axes. 

93. From the ends P and D of conjugate diameters in an 
ellipse draw straight lines parallel to any tangent ; and from 
centre C draw any straight line cutting these straight lines and 
the tangent ia p, dyt respectively. Then show that 

94. A chord PP' of an ellipse subtends a constant angle at 
the focus which is less than BSB'. Prove that the tangents at 
P and P' intersect on an ellipse. 

95. The normal at P meets the axis in G. Prove that the 
locus of the middle point of PG is an ellipse. 

96. From any point in one of the equioonjugate diameters a 
pair of tangents TP, TQ are drawn to the ellipse. Prove that a 
circle will pass round the quadrilateral TPCQ. 

97. If the tangent at the extremity of the conjugate axis 
meet the latus rectum in Q, and if QP be the other tangent 
drawn from Q to the ellipse, prove that 

SP«=SN . NX 

where PN is the ordinate of P. 

98. If the tangent at a point P be equally inclined to the 
axes, and PN be its ordinate, 

PN . CS=BC« 

99. P is any point on an ellipse, AA' any diameter. If 

AT and AP meet the diameter CD conjugate to CA in the 

points M and N, then 

CM . CN=CD2 

100. Two ellipses have a common focus S ; QSg is a chord 
meeting them respectively in Q and q ; the tang^ts at Q and q 
intersect in 0. If a second pair of tangents OP and Op meet 
these ellipses respectively in p and P, prove that the angles 
QSP and qBp are equal. 

101. A circle whose radius is equal to the semi-latus rectum 
touches an ellipse at the point A, and cuts the axis in G ; any 
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chord AjpV cuts the circle and ellipse in p and P respectively. 
Prove that Gp and AT intersect on the tangent at A. 

102. The ordinate of P and the radius OP meet the circle 
on A A' in the points p and q ; the perpendicular from q upon 
the axis cuts the ellipse in Q. Prove that the tangent at Q is 
perpendicular to Cp and cuts off from it a part OR equal to 
OP. 

103. If Q be a point on the major axis A A' of an eUipse 
of which S and S' are the foci, O the centre, and BB' the minor 
axis, and if P be a point on the ellipse such that OP is equal 
to BQ, prove that AQ=SP and A'Q=ST. 

104. If from the extremities of the axes of an ellipse any 
four parallel straight lines be drawn, the points at which they 
cut the curve will be the extremities of conjugate diameters. 

105. K a point move in such a manner that the sum of its 
distances from two fixed points is constant, prove that its dis- 
tance from any one bears a constant ratio to its distance from 
some fixed line. 

106. Part of an ellipse is cut off by a given line LM. Find 
a point P on the ellipse so that the angle LPM may be a maxi- 
mimi or a minimum. 

107. A series of parallelograms is inscribed in an ellipse 
whose sides are parallel to the equiconjugates. Prove that the 
sum of the squares of their sidei^ is constant. 
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EXAMPLES. 

HYPERBOLA. 

1. LKX is a right-angled triangle ; a string whose length 
is equal to its base has one end fastened to the extremity L of 
the base, and the other end to a fixed point S ; the side KX 
is made to slide along a fixed straight line, while the string is 
pressed against the base by a point of a pencil at P. Show 
that P describes an hyperbola. 

2. If a series of arcs of circles be described on a Une, their 
points of trisection lie on an hyperbola. 

3. The locus of the centre of a circle which touches two fixed 
circles externally is an hyperbola. 

4. Prove that the asymptote to an hyperbola continually 
gets nearer to the curve. 

• 5. Given the asymptotes and a focus^ find the directrix. 

6. Given the asymptotes and the transverse axis, find the 
focus. 

7. If an ellipse and hyperbola have the same foci they inter- 
sect at right angles. 

8. If an ellipse and hyperbola have the same axes, the 
asymptotes coincide with the equiconjugate diameters of the 
ellipse. 

9. If the tangent at P meet the asymptote in ty and SP 
produced meet the same asymptote in Q, prove that 

SQ=Q^ 

10. If from any point P of an hyperbola a line PK be 
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drawn parallel to the asymptote meeting the directrix in K, 
then 

SP=PK 

11. The straight Hnes joining the points where two tangents 
meet the asymptotes are parallel. 

12. The asymptote meets the directrix in D, and the tan- 
gent at the vertex in L. Prove that AD is parallel to SL. 

13. Tn the hyperbola prove that 

SX . CS=SA . SA' 

14. Given the transvei*se axis and the focus, find the asym- 
ptotes of the hyperbola. 

15. From the ends P and D of conjugate diameter lines are 
drawn parallel to the asymptote which lies between them 
cutting the axis in p and d. Prove that 

Cp=Gd 

16. The centre of the inscribed circle of the triangle SPS' 
lies on the tangent at the vertex. 

17. In the hyperbola a pair of conjugate diameters meet 
the directrix in Z and Z'. Prove that the rectangle ZX . Z'X. 
is constant. 

18. Any tangent meets a pair of parallel tangents on con- 
jugate diameters. 

19. PSp is a focal chord, Q any point on the hyperbola ; 
QP, Qp meet the directrix in Z and Z'. Prove that ZZ^ sub- 
tends a right angle at S. 

20. Prove that the tangents from the centre of an hyper- 
bola meet the curve at an infinite distance. 

21. SY is the perpendicular upon the tangent at a point P, 
and CD is the semidiameter conjugate to CP. Prove that 

SY:SP::BC:CD 

22. If hyperbolas whose transverse axes are equal have a 
common centre and asymptote, their foci all lie in the same 
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straight line, their directrices all pass through a fixed point, 
and their vertices all lie on the same circle. 

23. The radiiis of the circle which touches an hyperbola, 
and its asymptotes is equal to that part of the latiis rectum 
which is intercepted between the curve and its asymptote. 

24. POP' is any diameter of an hyperbola ; an ellipse whose 
centre is C touches the hyperbola at P and P'. From any point 
V in CP a pair of tangents are drawn to the ellipse ; their chord 
of contact cuts CP in V. Prove that if a pair of tangents be 
drawn to the hyperbola from V their chord of contact passes 
through Y. 

25. Tangents to an hyperbola are drawn jfrom any point on 
its conjugate. Show that the chord of contact will also touch 
the conjugate. 

26. Given two points on a parabola and the direction of 
its axis, prove that the locus of its focus is an hyperbola. 

27. PG is the normal at P; S is the focus. Prove that if 
SG=PG then SP is equal to the latus rectum. 

28. A tangent at any point P of an hyperbola meets the 
asymptotes in T, T', and conjugate hyperbola in Q, Q'. Show 
that 

. QQ' : TT'::>/2 ; 1 

29. CP and CD are two semiconjugate diameters of an 
hyperbola, and the normals at P and D intersect in B. Then 
CB is perpendicular to an asymptote. 

30. If a point move in such a manner that the difference of 
its distances from two fixed points is constant, prove that its 
distance from any one of them bears a constant ratio to its dis- 
tance from some fixed line. 

31. If SY be the perpendicular on the tangent at P, and 
CY meet the normal at P in K, PK is equal to SY. 

32. A circle is described on the latus rectum of an hyper- 
bola as diameter, and the common tangent to the conic and 
circle touches the conic in P and the circle in Q. Prove that the 
angle PSQ is bisected by the latus rectum. 

K 
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33. If any tangent to an hyperbola meet the asymptotes in 
R and W, prove that the angle BJSR' is the supplement of half 
the angle between the asymptotes. 

34. A rectangle circumscribes an hyperbola. Prove that the 
difference of the sides of the parallelogram formed by joining 
the points of contact is equal to the diagonal of the rectangle. 

35. If in an hyperbola a circle be described passing through 
C and X, the tangent to this circle from the focus is equal to 
the transverse axis. 

36. Given a focus, a tangent, and the eccentricity of an 
hyperbola, find the locus of its centre. 

37. A point E moves on an arc of a circle ; S is a fixed 
point outside the circle. Prove that the envelope of a straight 
line through E at right angles to SE is a conic. 

38. Tangents are drawn from a point M to an hyperbola, 
and lengths MO, MO' are taken on them equal to the focal dis- 
tances of M. Show that GO' = the transverse axis. 

39. Given a straight line and two points on the same side 
of it, find geometrically the transverse axis of the hyperbola 
which shall have the points as foci and the straight line for 
normal. 

40. From the foci of an hyperbola perpendiculars are let 
fall to the tangent at any given point of the curve. With the 
feet of these perpendiculars as foci an hyperbola is described 
touching the transverse axis of the given hyperbola. Prove 
that the point in which it touches the axis will be the foot of 
the ordinate of the given pointy and that the hyperbola de- 
scribed will be similar to the given one. 

41. If P be any point of an hyperbola whose foci are S and 
H, and if the tangent at P meet an asymptote in T, the angle 
between that asymptote and HP is double the angle STP. 

42. If PP' be a chord of an hyperbola parallel to the trans- 
verse axis, and the two circles be drawn through a focus S 
touching the curve at P and P' respectively, prove that F, 
the second point of intersection of the circles, will be at the in- 
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tersection of PP' and ST, where T is the pomt of intei-section 
of the tangents at P and P^ 

43. If from three points on one branch of an hyperbola, 
viz. the vertex and any two points equidistant from it, three 
parallel stniight lines be drawn to its asymptotes, they will be 
in continued proportion. 

The Rectangular Hyperbola. 

1 . From points in the diameter of a circle produced perpendi- 
culars are erected equal to the lengths of the tangents from 
those points. Prove that their extremities lie on a rectangular 
hjrperbola. 

2. Find the locus of the middle point of a line cutting off a 
constant area from the comer of a square. 

3. J£ the ordinate PN of an hyperbola be produced to meet 
the rectangular hyperbola which has the same transverse axis 
in Q, prove that the tangents at P and Q meet on the axis. 

4. "What is the eccentricity of a rectangular hyperbola 1 

5. If P be any point on a rectangular hyperbola, CP is a 
geometric mean between SP and ST. 

6. In the rectangular hyperbola the tangents and normals 
at the extremities of two conjugate diameters intersect on an 
asymptote. 

7. PQ, P'Q' are any two parallel chords of a rectangular 
hyperbola, and AB any chord perpendicular to them. Show 
that the angle subtended by QQ' at A is equal or supplemen- 
tary to that subtended by PP' at B. 

8. The locus of the centres of all equilateral hyperbolas de- 
scribed about an equilateral triangle is the inscribed circle. 

9. In the rectangular hyperbola if QYQ' be the double or- 
dinate of the diameter P'CP, and the circle round the triangle 
P'QQ' cut the diameter iap, prove that QPQT' is a parallelo- 
gram. 

X 2 
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10. In a rectangnlar hyperbola N is the foot of the ordinate 
and G the foot of the normal. Show that N bisects CG. 

11. With the focus S of a rectangular hyperbola as centre, 
and radius equal to CS, a circle is described. Proye that it 
will touch the conjugate hyperbola. 

1^. AB, CD are two chords of a rectangular hyperbola on 
opposite branches, I and K are their middle points, and O the 
centre ; through I and K are drawn two other chords parallel 
to CD and A6 intersecting in L. Show that OILK is inscrib- 
able in a circle. 

13. K two chords of a rectangular hyperbola be at right 
angles, each of their four extremities is the orthooentre of the 
triangle formed by the other three. 

14. If four such points be given, and the tangent at one of 
them, find the centre. 
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EXAMPLES. 

SECTIONS OF THE CONE. 

1. The eccentricities of all sections made by parallel planes 
are the same. 

2. Show how to cut from a cone an ellipse of given eccen- 
tricity. 

3. Show how to cut from a cone an ellipse whose axis shall 
be of given length. 

4. Find under what conditions it is possible to cut a rect- 
angular hyperbola from a given cone. 

5. Show how to cut from a given cone a parabola of given 
latus rectum. 

6. Show that the foci of all parallel parabolic sections lie on 
a straight line. 

7. A parabola being given, prove that the locns of the 
vertices of right circular cones of which it could be a section 
is a parabola whose focus is at the vertex of the given para- 
bola. 

8. In what position must a candle be held in order that the 
shadow of a sphere on a plane may be a parabola % 

9. A parabola being given, prove that the axes of all right 
circular cones of which it could be a section envelope a paiu- 
bola whose focus is the vertex of the given parabola, and whose 
latus rectum is equal to that of the given parabola. 

10. If two conee, whose vertices are V and Y', intersect 
in a parabola whose vertex is A, prove that the difierence 
of the angles of the cones is equal to the angle VAV. 
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11. Show that the fod of all panlld elliptic aectians of a 
oone lie on a straight line. 

12. An ellipse being giyen, prove that the verlicss of all 
ri^t dicnlar cones of which it could be a section lie on an 
hyperbola whose fod are at the vertices of the ellipse and ver- 
tices at the focL 

13. How must a candle be held so that the shadow of a 
sphere on a plane may be elliptic ! 

14. An ellipse being given, prove that the axes of all right 
circular cones of which it could be a section envek^ an hyper- 
bola. 

15. If YN be the perpendicular fipom the vertex of a oone 
on the eUiptic section A A^ whose fod are S, and if the axis of 
the cone meet AA' in T^ 

CT . CN=CS* 

16. In the last example prove that 

VN2 : CN2-CS2::CA«-CS» : CA« 

17. By means of Example 14 show how to find the axis of a 
right drcular cylinder of which it is a section. 

18. Show that the product of the perpendiculars from the 
vertices of an elliptic section upon the axis of the cone is equal 
to the square of the minor axis. 

19. Prove that the minor axis of the hyperbola in Example 
14 is equal to that of the ellipse. 

20. Prove by means of the cone that in an eUipse 

SP-|-ST=AA' 

21. K V be the vertex of a cone, and POP' any diameter of 
an elliptic section, 

YP+VP'=constant 

22. K the vertical angle of the cone be a right angle, and 
the section be an ellipse, prove that the major axis is equal to 
the difference of the radii of the spheres, and that the minor 
axis is a mean proportional between their diameters. 
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23. A right cone is cut by a plane, and the section projected 
on a plane passing through the vertex, and perpendicular to 
the axis of the cone. Prove that the projection is a conic whose 
focus and directrix are the vertex and the intersection of the 
plane section with the plane of projection. 

24. In a given plane are di^wn a series of confocal conies, 
upon which stand cones with their vertical angles right angles. 
Show that the locus of their vertices is given by the intersection 
of an hyperbola whose vertices are the foci of the . conies and 
a circle concentric with the hyperbola and passing through its 
foci. 
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EXAMPLES 
CUR VATURE, 

1. Prove that the radius of curvature at the vertex of a 
parabola is equal to the semi-latus rectum. 

2. In a parabola L is the extremity of the latus rectum ; the 
normal at L meets the curve again in Q. Prove that LQ is the 
diameter of the circle of curvature at L. 

3. The radius of curvature at the vertex of an ellipse or 
hyperbola is equal to the semi-latus rectum. 

4. The common chord of the circle of curvature and a conic 
at any point makes the same angle with the axis as the tangent 
at that point. 

5. If a point P be taken on an eUipse such that the com- 
mon chord of the circle of curvature and the ellipse is the 
normal at P, and if PM be the ordinate to the conjugate axis, 

prove that 

AB . CM=BC2 

6. Prove the following construction. Erect a perpendicular 
to the normal at the point where it meets the axis, and again at 
the point Q where this perpendicular meets the focal radius ; 
draw CQ perpendicular to it meeting the normal at C : then C 
is the centre of curvatui-e. 

7. Prove that the common chord of a parabola and its 
circle of curvature at any point touches another parabola. 

8. If MM' be a focal chord of a parabola, and R, R' the 

radii of curvature at M and M', and 2/>=the latus rectum, 

prove that 

1 J.^Jl 
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9. If the circle of curvature at a point of an ellipse pass 
thi-ough one of the foci, show that the distances of that point 
from the foci are as 1 to 3. 

10. The chord of curvature at any j)oint through the focus 
is equal to the focal chord parallel to the tangent at the point. 

11. At a point on a rectangular hyperbola the diameter of 
the circle of curvature is the common chord of the hyperbola 
and circle. 

12. The radius of curvature at a point P of a rectangular 
hyperbola varies as CP*. 
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Selections from the Writings of Lord Maoaulay. Crown Svo. 6s. 

The Essays and Contributions of A. E. H. B. Crown 8to. 

Autumn HoUdays of a Country Parson. 3s. Bd. 

Changed Aspects of Unchanged Truths. Zs. Bd. 

Common-place Philosopher in Town and Country. 9s, Bd, 

Counsel and Comfort spoken from a City Pulpit. 8«. Bd. 

Critical Essays of a Country Paison. 6s. Bd. 

Grayer Thoughts of a Country Parson. Three Series, 3s. Bd. each. 

Landscapes, Churches, and Moralities. 3s. Bd. 

Leisure Hours in Town. 3s. Bd, hotaoDM of Middle Age. 8«. Bd. 

Present-day Thoughts. 3s. Bd. 

Recreations of a Countoy Parson. Three Series, 3s. Bd. each. 

Seaside Musing! on Sundays and Week-Days. 8i. Bd. 

Sunday Afternoons in the Parish Church ol a Uniyersity City. 3s. Bd. 

White It Biddle's Large Latin-English Dictionary. 4to. 2ls. 

White's College Latin-English Dictionary. Boyal 8yo. lis, 

— Jvmior Student's Lat.-Eng. and EDg.-Lat. Dictionary. Square 12mo. I2s. 

B^^-.4,^i_ f The English-Latin Dictionary, 6s. Bd. 
B^Pwa*®^ t The Latin-English Dictionary, 7s. Bd. 

Wit and Wisdom of the Rev. Sydney Smith. 16mo. 3s. Bd. 

Tonge's English-Oreek Lexicon. Square 13mo. 9s. Bd, 4to. 21s. 

ASTRONOMY, METEOROLOGY, QEOQRAPHY &c. 

Freeman's Historical (Geography of Europe. 8yo. 81«. Bd, 

Herschel's Outlines of Astronomy. Square crown 8yo. 12s, 

Keith Johnston's Dictionary of Geography, or General Gazetteer. 8yo. I2i, 

Nelson's Work on the Moon. Medium 8yo. 91s. Bd, 

Proctor's Essi^ on Astronomy. 8yo. 12«. Proctor's Moon. Crown 8yo. 10«. Bd, 

— Larger Star Atlas. Fdio, 168, or Maps only, 12s. Bd, 

— New Star Atlas. Crown 8yo. 6s, Orbs Around Us. Crown 8yo. 7s, Bd, 

— Other Wodds than Ours. Crown 8yo. 10«. Bd, 

— Saturn and its System. 8yo. 14«. Proctor's Sun. Crown 8yo. 14«. 

— Uniyerse of Stars. 8yo. 10s. Bd, 
Smith's Air and Bain. 8yo. 2is. 

The Pttblio Schools Atlas of Ancient Geography. Imperial 8yo. 7s, Bd, 
^ — — Atlas of Modem Geography. Imperial 8yo. 0«. 

NATURAL HISTORY 8t POPULAR SCIENCE. 

Amott's Elements of Physios or Natural Philosophy. Crown 8yo. 12s. Bd, 
Brande's Dictionary of Science, Literature, and Art. 8 yols. medium 8yo. 68«. 
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Btiflkton'i Town and Window Gardening, down 8yo. 3«. 

Deoaine and Le Kaoat's General ^yston of Botany. Imperial Sro. 81«. M. 

Dizon*8 Rural Bird Life. Crown 8yo. niustorationa, It, dd, 

Ganot'g Blementary Treatise on FhysicB, by Atkinson. Large orown 8to. Iff. 

— Natoral Philosophy, l^ Atkinson. Crown Sro. 7*. fUL 
Goodere's Elements of Mechanism. Crown 8vo. 6«. 
Grove's Oorrdation of Physical Forces. Syo. 15«. 
Hartwlg's Aerial World. 8vo. IQs. Gd, Polar World. 8to. lOs, 9d. 
~~ 8ea and its Living Wonders. Svo. IQs. 64. 

— Babterranean World. Svo. 10«. 6d, Tropical World. Sto. 10*. 6d. 
Hanghton's Six Lectnres on Physical Geography. Svo. 15«. 

Heer's FrlmsBval World of Switzerland. 2 vols. 8vo. 16«. 
Helmholta's Lectm« on Bctentiflc Subjects. 2 vols. cr. 8vo. 7t, Bd, each. 
Helmholta on the Sensations of Tone, by Ellis. 8vo. 86«. 
Hollah's Lectm« on the History of Modern Mnsic. 8vo. 8«. 6d, 

— Transition Period of Musical History. 8vo. 10«. 6d. 
Xeller'B Lake DweUings of Switzerland, by Lee. 2 vols, royal 8vo. 43#. 
Lloyd's Treatise on Magnetism. 8vo. lOs, Bd, 

— — on the Wave-Theory of Light. 8vo. lOt. 6d, 
London's BnpyclopflBdia of Plants. Svo. 42«. 

Labbock on the Origin of Civilisation & Primitive Condition of Man. 8to. 18«. 
Maoalister's Zoology and Morphology of Vertebrate Animalft Svo. lOt. 9d, 
Niods' Puzzle of Life. Crown 8vo. Si. 6d. 
Owen's Comparative Anatomy and Physiology d the Vertebrate Anlmali. S roll, 

Svo. 78s. 6d, 
Proctor's Light Science for Leisure Hours. 2 vols, crown Svo. 7s. 6d. eaoli. 
Bivers's Orchard House. Sixteenth Edition. Crown Svo. 5s. 

— Boee Amateur's Guide. Fop. Svo. Is. M, 
Stanl^s F^uniliar History of British Bkds. Crown Svo. U. 

Tttct-Books of Science, Mechanical and Physical. 
Abnej's Photography, 8s. 6d, 
Anderson's (Sir John) Strength of Materials, 8s, M. 
Armstrong's Organic Chemistry, 8s. Cd. 
Ball's Astronomy, 6s, 

Barry's Bailway Appliances, 8s. Bd. Bloxam's Metals, 8s. Qd. 
Goodeve's Principles of Mechanics, 8s, 6d. 
Gore's Electro-Metallurgy, 6s. 
Griffin's Algebra and Trigonometry, 8s. 6<t 
Jenkin's Electricity and Magnetism, 8s. 6d, 
Maxwell's Theory of Heat, 8s. 6d. 
Merrifidd's Technical Arithmetic and Mensuration, 8s. 6d, 
Miller's luoi^^^c Chemistry, 8s. 6d. 
Preeoo & Sivewright's Telegraphy, 8s. 6d, 
Butley*B Study of Bocks, it. 6d, 
EOiellc^s Workshop Appliances, 8s. 6d. 
Thome's Structural and Physiological Botany, 6s, 
Thorpe's Quantitative Chemical Analysis, 4s. 6<t 
Thorpe b Muir's Qualitative Analysis, 8s. 6d, 
TUden's Chemical Philosophy, 8s. 6d, 
XJnwin's Machine Design, 8s. Bd. 
Watson's Plane and Solid Geometry, 8s. 6d, 

Tyndall on Sound. New Edition in the press. 
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Tyndall'B ContribatioDB to Molecular FhysiGS. 8vo. 16«. 

— Fragments of Bdenoe. 3 vols, post Svo. 16«. 

— Heat a Mode of Motion. Crown 8to. lit, 

— Kotes on Electrical Phenomena. Crown 8yo. It, sewed, It. 6d, doth. 

— Notes of Lectures on Light. Grown Syo. It. sewed, It. Bd, doth. 
— • Lectures on Light delivered in America. Crown 8yo. 7t. Bd, 

— Lessons in Electridty. Crown 8yo. 2t. B4. 
Yon Cotta on Books, hy Lawrence. Poet 8yo. U«. 
Woodward's Qeology of England and Wales. Grown Syo. lU, 
Wood's Bible Ajdmals. With 112 Vignettes. 8yo. 14f. 

— Homes Without Hands. 8yo. lis. Inaeota Abroad. 8yo. lis. 

— Insects at Home. With 700 Illustrations. 8yo. lit, 

— Out of Doors. Grown 8yo. 7t. Bd. Strange Dwellings. Grown 8yo. It. Bd. 

CHEMISTRY 8t PHYSIOLOGY. 

Buckton's Health in the House, Lectures on Elementary Physiology. Cr. 8yo. it, 
Grookes's Sdeot Methods in Chemical Analysis. Crown 8yo. lit. Bd, 
Eingzett's Animal Chemistry. 8yo. 18«. 

— History, Products and Processes of the Alkali Trade. 8yo. 18«. 

Miller's Elements of Chemistry, Theoretical and Practical. 8 yds. 8yo. Part I. 
Chemical Physics, 16«. Part II. Inorganic Chemistry, 84«. Fart ni. Organic 
Chemistry, Section I. price Sis. Bd, 

Beynolds's Experimental Chemistry, Part I. Fcp. Syo. Is. Bd. 

Thudichum's Annals of Chemical Medicine. VoL I. 8yo. 14^. 

Tilden's Practical Chemistry. Fop. Syo. Is. Bd, 

Watts's Dictionary of Chemistry. 7 yds. medium 8yo. £10. 16«. Bd, 

— Third Supplementary Ydnme, in Two Parts. Pabt 1. 86«. 

THE FINE ARTS & ILLUSTRATED EDITIONS. 

Doyle's Fairyland ; Pictures from the Elf -World. Folio, lis. 

Dresser's Arts and Art Industries of Japan. {In preparatUm, 

Jameson's Sacred and L^iendary Art. 6 yols. square crown 8yo. 

Legends of the Madonna. 1 yd. 21s. 

— — — Monastic Orders. 1 yoL S1«. 

— — — Saints and Martyrs. S yds. Sis. Bd. 

— — — Sayiour. Completed Iqr Lady Eastlake. Syds. 43«. 

Longman's Three Cathedrals Dedicated to St. Paul. Square crown 8yo. Us. 

MaoauIay*8 Lays of Ancient Borne. Illustrated by Sdiarf . Fop. 4to. 21«. imp. 
16mo. 10s. Bd. 

— — — Illustrated by Wegudin. Grown 8yo. Bs, 
Maofarren's Lectures on Harmony. 8yo. lis, 

Moore's Irish Mdodies. With 161 Plates by D. Madise, BA. Super-royal 8yo.31«. 

— Lalla Bookh, illustrated by TennleL Square crown 8yo. 10s. Bd, 
Perry on Greek and Boman Scnlptore. 8yo. [In preparaHon, 

THE USEFUL ARTS, MANUFACTURES &c. 

Bourne's Catechism of the Steam Engine. Fcp. 8yo. Bs, 

— Examples of Steam, Air, and Qas Engines. 4to. 70s, 
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Bourne*! Handbook of the Steam Engine. Vcp. Svo. 9«. 

— Beoent Improremento in the Steam Knglne. F^. Svo. 6«. 

— Treatifle on the Steam Bngine. 4to.42i. 
Bnuaegr*! Shipbnilding for War. 2 toIs. 8yo. 
OemfB BnojoloiMBdia of Oivil Engineering. 8to. 35«. 
OnUey'i Handbook of Fraotioal Telegnq;>hy. Svo. 16«. 
Baattake^i Hooaehcdd Taste in Fomitare, &o. Square orown 8yo. lU, 
Vairbaim'i Uaefnl Information for Engineers. 8 yols. crown 8yo. 81«. 6d. 

— Applici^iond of Cast and Wrought Iron. 8to. 16«. 

— MiUsandMiUwork. 1yoL8vo.S0«. 
Gwilt'i EnoydopeBdia of Architeotnre. 6ro, 62s. Sd, 
Hobeon'i Amateur Mechanic's Practioal Handbook. Orown 8to. 2t. 6d. 
Hoskold's Engineer's Valuing Assistant. 8yo. 81<. M, 
Eerl's Metallurgy, adapted by Orookes and EOhrig. 8 vols. 8yo. £4. I9t. 
London's EnoydopeBdia of Agriculture. 8yo. 21«. 

— — — Gardening. 8yo. 21«. 
MitdbeU's Manual of Practical Assaying. 8yo. 81«. 64, 
Northcott's Lathes and Turning. Sro. IBs. 

Payen's Industrial Ohemistry Edited by B. H. Paul, Ph.D. 8vo. 42s. 
Piease's Art of Perfumery. Fourth Edition. Square crown 8yo. 21s. 
Stoney's Theory of Strains in Girders. Boyal 8yo. 86<. 

UrA's Diotionaiy of Arts, Manufactures. & Mines. 4 vols, medium 8yo. £7. 7s. 
Yille on Artifldal Manures. By Grookes. 8yo. 21s. 

RELIGIOUS & MORAL WORKS. 

Abbey & Oyerton's English Ohurohin the Eighteenth Oentury. 2 yols. 8yo. 86s. 

Arnold's (Bey. Dr. Thomas) Sermons. 6 yols. crown 8yo. 6s. each. 

Bishop Jeremy Taylor's Entire Works. With Life by Bishop Heber. Edited by 
the Bey. C. P. Eden. 10 yols. 8yo. £5. 6s. 

Booltbee's Oommentary on the 89 Articles. Crown 8yo. 6s. 

— History of the Church of England, Pre-Beformation Period. 8yo. 16t. 
Browne's (Bishq;)) Ezpodtion of the 89 Artides. 8yo. 16s. 
Bunsen's Angel-Messiah of Buddhists, &c. 8yo. 10s 6d. 
Odenso's Lectures on the Fentateudi and the Moabite Stone. 8yo. 12s, 
Odenso on. the Pentateudi and Book of Joshua. Crown 8yo. 6«. 

— — Part yn. completion of the larger Work. 8yo. 2ls. 
Oondei^ Handbook of the Bible. Poet 8yo. 7s. 6d. 
Oonybeare ft Howson'sLife and Letters of St. Paul : — 

Library Edition, with all the Original Illustrations, Maps, LandsoHpes on 
Sted, Woodcuts, 6ui. 3 yds. 4to. 42s. 

Intermediate Editicm, with a Sdection of Maps, Plates, and WoodcntB. 
S yds. square orown 8yo. 21s. 

Student's Edition, reyised and condensed, with 48 Blustraticma and Ifops. 
1 yd. orown 8yo. 7 s. 6d, 

I Ellioott's (Bishop) Commentary on St. Paul's Epistles. 8yo. Ckdatians, 8s. ed. 

i Bphedans, 8s. 6d. Pastoral Epistles, 10*. 6d. Philippiana, CdoBsians, and 

I Philemon, 10«. 6d. Thessalonians, 7s. 6d. 

BlUootfs Lectures on the Life of our Lord. 8yo. 12s. 

Bwald*8 History of Israel, translated by Carpenter. 5 yols. 8yo. 681. 
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Ewald's Antiqnities of Israel, translated by Solly. Svo. 1S«. 6d, 
Gospel (The) for the Nineteenth Century. 4th Edition. Sro. 10«. 6d. 
Hopkins's Christ the Consoler. Vop, Sro. 2«. 6d. 
Jnkes's Types of Genesis. Crown 8to. 7«. M, 

— Second Death and the Bestltntion of all Things. Crown 8to. 84. 9d, 
Ealisoh's BiUe Studies. Part I. the Prophecies of BalaaoL Sro. I0s» M, 

— — — Part n. the Book of Jonah. 8vo. IQs. M. 

— Historioal and Critical Commentary on the Old Testament; with a 
New Translation. Vol. L GeneHi, 870. IBs, or adapted for the General 
Reader, 12«. Yd. II. Exodus^ 16t, or adapted for the General Header, 12«. 
Vol. m. Leviticus, Part I. I5i. or adapted for the General Reader, 84. 
YoL lY. Leviticus, Part n. 1S«. or adapted for the General Header, Ss, 

Ion» Germanica : Hymns translated by Miss Winkworth. Fop. Sro. 6s. 
Martineau's Bndeavonrs after the Christian Life. Crown Sro. 7s, Sd, 

— Hymns of Praise and Prayer. Crown Syo. 4«. 6(1, 82mo.l«.6<f. 

— Sermons, Hours of Thought on Sacred Things. 2 vols. 7«. 6d. each. 
Mill's Three Essays on Religion. Svo. lOs. 6d, 

Missionary Secretariat of Henry Yenn, B.D. Svo. Portrait. I8s» 
Monsell's Spiritual Songs for Sundays and Holidays. Fcp. Svo. 6s, ISmo. is, 
MtUler's (Max) Lectures on the Sdenoe of Religion. Crown Svo. lOs, 6d. 
Newman's Apologia pro Yitft Suft. Crown Svo. Us, 
Passing Thoughts on Religion. By Miss Sewell. Fcp. Svo. Bs, Bd, 
Sewell's (Miss) Preparation for the Holy Communion. 82mo. Ss, 

— — Private Devotions for Young Persons. 
Smith's Yoyage and Shipwreck of St. Paul. Crown Svo. 7s, 6d, 
Supernatural Religion. C!omplete Edition. 8 vols. Svo. 96s, 
Thoughts for the Age. By Miss Sewell. Fop. Svo. 9s, 6d. 
Whately's Lessons on the Christian Bvidenoes. ISmo. Bd, 

White's Four Gospels in Greek, with Greek-English Lexicon. 82mo. 6s, 

TRAVELS, VOYAGES, kc. 

Baker's Rifle and Hound in Ceylon. C!rown Svo. 7s, 6d, 

— Eight Years in Ceylon. Crown Svo. 7s, 6d. 

Ball's Alpine Guide. 8 vols, poet Svo. with Maps and Illustrations : — L Western 
Alps, 6«. M, n. Central Alps, 7s, 6d, UL, Eastern Alps, 10«. 6d, 

Ball on Alpine Travelling, and on the Gedogy of the Alps, Is, 

Brassey's Sunshine and Storm in the East. Svo. 21s. 

— Yoyage in the Yacht * Sunbeam.' Cr. Svo. 7s, Bd, School Edition, 2^. 
Edwards's (A. B.) Thousand Miles up the Nile. Imperial Svo. 42i. 

Hassall's San Remo and the Western Riviera. Crown Svo. lOs, Bd, 

Macnamara's Medical Geography of India. Svo. 21<. 

Miller's Wintering in the Riviera. Post Svo. Hlustratious, 7s, Bd, 

Paoke's Guide to the Pyrenees, for Mountaineers. Crown Svo. 7s, Bd, 

Rigby's Letters from France, dec. in 17S9. Crown Svo. 10s, Bd, 

Shore's Flight of the ' Lapwing ', Sketches in C?hlna and Japan. Svo. l&s. 

The Alpine CSlub Map of Switzerland, In Four Sheets. 43s, 

Toaer's Turkish Armenia and Eastern Asia Minor. Svo. 16<. 

Weld's Sacred Palmlands. Crown Svo. 10s. Bd, 
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WORKS OF FICTION. 

Blues and BnfEk By Arthnr Kills. Crown 8to.6il i 

Buried Alire, Ten Yeazs of Ptonal Serritode fn Siberia. Crown 8to. 10«. M. j 

CrooUt Meg (The). BjSidfkj. C^ownS^o. 6«. 

Bndymioo. By the Bi^t Hon. the Barl of Beaoonsfield, KXt^. S robL poet Svo. 
SUM. 

Hawthorne's (J.) YeUow-Oap and ottMar Ftdxy Stariea. Crown 8to. 6*. 

CUtinet Bctttion of Stories and TUfls hy lOsB Sewcn •.— 

Amy Herhcrt, Seed. ; lTan,2i.9d. 

dere HaO, it, 9d, < y^tK^i-HM* Ashton, U. 9d. 
The Bail's Dangfaler,S«.6dL Laneton Parsonage, f«. M. 

Bzperienoe of IJfB, it. CdL Mazgaiet FerdTal, Zt, (hi. 

Qertrode, it, CdL Ursola, S«. M, 

Noreb and Taks hy the Bight Hon. the Barl of BeaconsfWd, K.a. Gatainet 
Bd iti on, Ten Y ofanneB, crown Sro. price £S. 
Lothair, 6«. Heniietto Temple, St. 

Coningslqr, St, Cootarini Ilendng, St. 

fiiyfaO, 6«. Alroy, Izion, fte. 6iL 

Tuicred,<«. The YoangI>akB^lM.Sc 

Yenetja» 6«. Yiyfun Qnj, St. 

The Modern Nordist^s Library. Bach Work in crown Sra A Sinfi^ Yolimia, 

complete in itself, price 2«. boards, otit. Sd. doth :~ 
Bj the Barl of BeacoMlMd, ISM, ' Bj Major Whyta-Metrille. 

Lothair. Digby Grand. 

Ccmingsby. General Bounce. 

^yfaO, Kate Corentoy. 

Tancred. The Gladiaton. 

Yenetia. Good for Nothing. 

Henrietta Temple. Hotanby House. 

Contarini Fleming. The Interpreter. 

Akoy, Izion, ko. The Queen's Maries. 

The Yoong Duke, Ac. By tfaeAnthorof 'theAteUerdnlja.' 

Yiyian Grey. Mademoisdle Mori. 

By Anthony TroDope. The Atelier da I^s. 

Barohester Towers. Qy Yarioos Writers. 

The Warden. Atheistane Priory. 

Qy the Anther of * the Boee Garden.* , The Burgomaster's Amily. 

Unawares. Elsa and her Ynlture. 

The Six asters of the YaDcys. 

Lord Beaconsfield's Novels and Tales. 10 yoIs. doth extra, gilt edges, Pit. 

Wldspets from Fairy Land. By the Bight Hon. Lord Brabouxne. With mne 
lUnstrations. Crown 8to.8«. Sd, 

Higi^edy-Pigg^y ; or. Stories for Bverybody and Bverybod/s Children. Bj 
the Bight Hon. Lord Braboume. With Nine Blnstrations from Designs Iqr 
B. Doyle. Crown 8to. 8i. Sd, 

POETRY & THE DRAMA. 

Bailee Festns, a Poem. Crown Svo. Ut, Sd, 

Bowdler's Family Shakspeare. Medium Sro. 14«. 6 yds. fcp. 8tou fit. 
Cayl^'s niad of Homer, Homometrically translated. Svo. lit, Sd, 
Conington's iBneid of Yirgil, translated into English Yerse. Crown Sro. 9t, 
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OoMhe's FMUt, IniulfttBi] b; Birds. Luae erown Sto. llh Sd. 

— tnoilXed b; Tsbb. Bto. Ui. td. 

— odltcil b; SelK. Orown Sro. di. 
low^ Poonti. Naw Edition. ! Tcte. fcp. Bm. 12a. 

Uaoanlay'B L«7i of Andrnt Borne, vltli Inj uid the AnnHbL Iflmo. li. td. 
Omubr'a Poem ol the Old. Tnuulated. FoM Bto. St. 
SontbeT^ PoaUoJ Worka. UnUmn Sro. lu. 



RURAL SPORTS, HORSE & CATTLE MANAQEMENT &C. 

Bktno^ BocTolnindla of Bonl Bports. Bro. lit. 

Tmudi'B TnaCise on PlihlDg In mil IM Bnoahet. Post Bro. lit. 

Hoi»M and Boicls HyPraj-Lauca. OtowhSto.Si, 

I*! Horaa'i Foot, BDd Buw lu Kii^p It Bonnd. Impsrlal 8to. 111. Id, 
Plain l^ealtxe on Boiw-Slioeliig. Fogt Sto. 2l. Sd. 
etablw afld Stable-fitUnga. Imperial Sto. Ifi. 
BonaAi on Hanoi' Teetli. P«t Bto. li. M. 
Kerlle'a Bona and Bldlnc. Crown Bro. tf. 
nalda'i Flf-Plilisr'B ISatomalog^. Sra. 14i. 

sel's DHosMs ot Ibc Oj, being a Muminl of BoTino Patliolos)'. 8vo. Ui. 
indiengo'B Dog in BaJth ud DiBoaBi Bqun orown 8vo. U. Sd. 

YooMfa Work on tli« Dog. Bvo. Ct. 

— — — Bona. Bro. 7i. Sd. 
WUGoekg*! Sc*.?UbermMi. PoM Svo. lit. M. 



WORKS OF UTILITY II GENERAL INFORMATION. 

ActoD'i Uodeni CoDker; for FiiTsU FimiUta. F<^ Bto. M. 
"" k'aPnioUoalTiestiBi? on Brewing. Sio.JOi.flA 

kton'a Food and Homo Cooker;. Crowa Sto. it. 
BoU on the ^faternEd MJuiBgomeot of ChlErlroD. Fcp. Svo. St. td. 
Baa't HinU tn Mothera on tie Monagemoat at their HvlUl daring th* Period of 

Pregunnor and In tlia lying-in Rooai. Fcp. Bto. It. (A 
OMnptwIl-WBlkiT'e Correct -Oiiri), or Bow CoPlar *t Whiat. Fop. Sto. Ij. Id, 
Bdwardaon the Ventilation of BweUlng-Hotuea. HojiJ «vo. lOi. M. 
JaIinHn'a<W b J, H.) PateaWalliiaaal. Poartb BSitlon. BT0.1l)4.<d. 

Bmnn'B Obc« OpenlneiB. Fcp. Bvo. it. Id. 

leod'a BconoBfoB for Beglnnora. SnuU (jowu Bro. U. Id. 

Elcmenta of Bdononiios. Bmoll itrivta gta. (/« Otpnii. 

Tbenryandtmcllceofllanklng, Z yola. Bro. SB*. 
BLsmonta-DlBRnlcing. Ponrtli Edition. 0rawn8Ta.>j. 
irOollooh'a DloUonuy of Oammeroe uid CommerciBl KavlgMlcaL Bto. Bgi. 
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Maonder's Biographical Treasury. Vcp, 8yo. 9s, 

— HiBtOTical Treaaory. Fcp. Sra 6s, 

— Scientlflc and Literary Treasniy. Fcp. 8yo. 6s, 

— Treasury cl Bible Knowledge, edited by Ayre. Fcp. 8to. 6s, 

— Treasury of Botany, edited by Lindley & Moore^ Two Farts, 12«. . 

— Traasory of Geography. Fpp. 8vo. 6s, 
Traasory of Knowledge and Library of Beferenoe. Fq). Syo. 6s, 
Treasory of Katoral History. Fop. Syo. 6s, 

Pereira's Materia Medica, by Bentley and Bedwood. Svo. 35s, 
Fewtner's Cknnprehenslye Specifier ; Building' Artificers' Work. Crown Syo. 6s. 
Pole's Theory of the Modem Sdentifio Game of Whist. Fq). 8to. 2s, 6d, 
Soott's Farm Valuer. Crown Syo. 5s. 

— Bents and Purchases. Crown 8yo. 6s. 
Smith's Handbook for Midwiyes. Crown 8yo. 5s, 

The Cabinet Lawyer, a Popular Digest of the Laws of England. Fcp. 8yo. 9s, 
West on the Diseases of Infancy and Childhood. 8yo. IBs, 
Wilson on Banking Beform. 8yo. 7s, 6d, 

— on the Besouroes of Modem Countries 3 yoIs. 8yo. 34s, 



MUSICAL WORKS BY JOHN HULLAH, LLD. 



HnUah's Method of Teaching Singing. Crown 8yo. 2s. 6d, 

Exercises and Figures in the same. Crown 8yo. Is, or 2 Parts, 6^7. each. 

Large Sheets, containing the ' Exercises and Figures in Hullah's Method,' ui 
Parcels of Eight, price 6$. each. 

Chromatio Scale, with the Inflected Syllables, on Large Sheet. Is. 6d, 

Card of Chromatio Scale. Id. 

Exerdaes for the CnltiYation of the Voice. For Soprano or Tenor, 3s, 6d, 

Grammar of Musical Harmony. Boyal 8yo. 2 Parts, each Is, 6d, 

Exercises to Grammar of Mufdcal Harmony. Is, 

Grammar of Counterpoint. Part I. super-royal 8yo. 3s. 6d. 

Wilhem's Manual of Singing. Parts 1, k. 11,3s, 6d,; or together, 5s, 

Exercises and Figures contained in Parts I. and n. of Wilhem's Manual. Books 
L&n.each8d. 

lATge Sheets, Noe. 1 to 8, containing the Figures in Part L of Wilhem's Manual, 

in a Parcel, 6«. 
Large Sheets, Nos. 9 to 40, containing the Exerdses in Part I. of Wilhem's 

Manual, in Four Parcels of Eight Nob. each, per Pared, 6s, 

Large Sheets, Nob. 41 to 52, containing the Figures in Part n. in a Pared, 9s, 

Hymns for the Young, set to Music. Boyal 8yo. Sd, 

Infant Sohod Songs. 6d, 

Notation, the Musical Alphabet. Crown 8yo. 6d. 

Old BnglUh Bongs for Sdiools, Harmonised. 6d, 

Bndiments of Musical Grammar. Boyal 8yo. 3s, 

Sobod Songs for 2 and 8 Vdoes. 2 Books, 8yo. eadi 6d, 



London, LONGMANS & GO. 



? 



1 



SpotHswoods it Co. ¥rxaX<tT%^ New-street Squotre, London. 



